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APPROXIMATION IN HOLDER SPACES

CARLOS MUDARRA AND TUOMAS OIKARI

ABSTRACT. We introduce new vanishing subspaces of the homogeneous Hélder space C%¢ (X,Y)
in the generality of a doubling modulus w and normed spaces X and Y. For many couples X,Y,
we show these vanishing subspaces to completely characterize those Holder functions that admit
approximations, in the Hélder seminorm, by smooth, Lipschitz and boundedly supported functions.
We present connections to bi-parameter harmonic analysis on the Euclidean space by providing
applications to the compactness of the bi-commutator of two Calderén-Zygmund operators

1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. We consider normed spaces X,Y and moduli of continuity w and study the
Holder spaces C%*(X,Y) that consist of those functions f : X — Y for which

1 (@) — fW)lly
Flloosixy) = sup < oo
1l go.w (v x7y7§X w(llz —yllx)
7Y

We establish various full characterizations of approximability in the class C0% (X,Y) by Lipschitz,

smooth and boundedly supported functions in terms of three vanishing subspaces of CO’”(X Y)

that demand vanishing behaviour of the Hélder norm of functions on small, large and far away

scales. We will define these subspaces soon, but before that we make a few general observations.
First of all, if Y is a Banach space, then so is CO% (X,Y), when equipped with the norm

1 llcoe ) = 1oy + £y (1)

Dropping the term || f(0)||y, the seminorm || - || ¢ow(x,y) becomes a norm when the functions are
identified with equivalence classes modulo additive constants. In the particular case w(t) = t%,
a € (0,1), we recover the Holder spaces CO (X,Y). Moreover, provided w is any reasonable modulus
of continuity — at least w(t) — 0, as t — 0 — the spaces C%“(X,Y") become subspaces of uniformly
continuous functions.

The theory of uniform approximation of continuous functions by smooth functions has been
extensively studied and developed in the last decades. For instance, when X is a Hilbert space,
Lasry and Lions showed that Lipschitz real-valued functions can be uniformly approximated
by CU! Lipschitz functions. If X is moreover separable, then a theorem of Moulis [25]| allows
these approximations to be upgraded to C*° approximations. Later, Cepedello-Boiso obtained
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several results concerning C' or C® approximation of uniformly continuous functions in super-
reflexive Banach spaces X — see also our Theorem [3.10] below and the very recent work of Johanis
[19], that contribute to this line of research. Then, Hajek and Johanis [13] proved that when X is
separable with a C* smooth and Lipschitz bump, and either X or Y is super-reflexive, then uniformly
continuous mappings admit approximations by C* maps that are still uniformly continuous. Lastly,
we mention the real-analytic approximations of Azagra, Fry, and Keener [2] when X is a Banach
space with a separating polynomial; then, Lipschitz real-valued functions on X can be uniformly
approximated by real analytic Lipschitz functions. For more background references on smoothness
and renorming on Banach spaces, and the related approximation results, we refer to the monographs
[4], by Benyamini and Lindenstrauss; [8], by Deville, Godefroy, and Zizler; and |13|, by Hajek and
Johanis.

In the present article, we prove full characterizations of approximation with Holder type rate of
convergence taking the place of uniform convergence. We note that these two types of convergence
do not follow from each other; see Appendix [A] for a detailed comparison with simple observations
and examples. Our main result is best described as the recognition of the vanishing scales small,
large and far as precisely the concept that allows a complete description of the closure of smooth,
Lipschitz and boundedly supported functions with respect to the C%* seminorm. We notate

o @) - F@lly o @) - FWlly
OS%m_nwi;?Xg olle—vlx) )= gy
T—Yllx=

and then define these three vanishing scales as
Vo (X.Y) = {f: X 5 Y - lim osc§(f) = 0},
—
V?&:ruge(Xa Y) = {f X =Y 6hm OSC‘('SU(f) = 0}’
—00

Vi (X,Y)={f:X >Y : lim  sup  oscf,, (f)=0}.

920 min(|le|,||yll) >

Definition 1.1. For each scale I' € {small, large, far}, define

VO (X, Y) = VE¥(X,Y) N CO¥(X,Y),

: O,w : O,w + O,w : O,w
VC (X’ Y) = VCsmall(X’ Y) N char (Xv Y) N Vclarge(X’ Y)
If Y is a Banach space, then so are all of VC%W(X ,Y') as spaces of modulo additive constant

equivalence classes; for full details, see Remark [2.1] below. From now on, whenever no confusion is
possible, we start dropping the source and target spaces from the norms and simplify notation with

|z|lx = ||| and ||f(z)|ly = |f(z)|. In the same way, we write CO¥(X,Y) = CO(X) = C%, etc.
We assume our moduli w to be non-decreasing and satisfy

1%i_r}r(l)z,u(t) =0, tlggo w(t) = oo, (2)
%i_r)r(l) t/w(t) =0, (3)
w(2t) < Capw(t), for t € (0,00), (4)

where the doubling constant satisfies Cqp > 1. This class of moduli includes the Holder moduli
w(t) := t* when a € (0,1), but also other moduli that behave as 1/log(1/t) close to the origin,
which appear in the study of regularity for some partial differential equations, see e.g. Liao [21].
Our results involve several assumptions on the moduli with different theorems requiring slightly
different assumptions, see Table [I| below for a summary.
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The classes VCS;I?&H are also called the little Holder spaces. These are important in the study
of Lipschitz algebras in metric spaces, and we refer to the monograph by Weaver |30, Chapters 4
and 8| for a background. See also the recent monograph by D. Mitrea, I. Mitrea, and M. Mitrea
[24, Chapter 3] for a detailed exposition of the Holder spaces in the setting of Ahlfors regular sets
and their connection with functions of vanishing mean oscillation.

Notation. We denote A < B, if A < CB for some constant C' > 0 depending only on an underlying
function space that is fixed relative to ongoing considerations. For example, C' could depend on the
modulus w, or the dimension n in the case X = R". Then A ~ B, if A < B and B < A. Subscripts
or variables on constants and quantifiers Cy, C(a), <, indicate their dependence on those subscripts.

1.2. Main results. We begin by stating a result without any smoothness on approximations by
functions with bounded support. Many of our later results build on this one.

Theorem 1.2. Let X, Y be normed spaces, the modulus w satisfy , and . Then, there
holds that

. Ow . 0w C.O’w(va)

VC 7 (X,Y) = VC (X, Y)NCrs(X,Y)

. 5 CO¥(X,Y)

Here and below, for any C(X,Y) Cc C%*(X,Y), we denote by C(X,Y) the closure of

C(X,Y) under the C%(X,Y) seminorm. We refer here to the family of those f € C%“(X,Y) for

which there exists a sequence { f,}n, C C(X,Y) so that lim,, || f, — fHC”O«W(X,Y) = 0. The subscripted

set Cps(X,Y) consists of boundedly supported functions in C(X,Y’). In Theorem Crs(X,Y)

denotes continuous functions with bounded support. In particular, the functions in VCq (X, Y)
are continuous, and the intersection with Chs(X,Y") gives the approximations bounded support.

While Theorem [I.2] does not provide any smoothness, it turns out to be a crucial step in our other
theorems. For instance, letting X = R™ and Y be a Banach space, Theorem [I.2] coupled with a
mollification argument gives CPS(R",Y") approximations, this is Theorem below. Both of these
theorems will be proved in Section 2]

Our results are not confined to functions with a finite-dimensional source X, and letting ¥ = R,
we prove smooth and Lipschitz approximation for the classes VCSI’;;H(X ,R) and VCO’w(X ,R). (The
corresponding approximations for C"-valued functions in place of R-valued then follow after splitting
into the coordinate functions and then each of these to the real and imaginary parts.) In particular,
with X being a separable normed space, we have the following general result.

Theorem 1.3. Let k € NU {co} and X be a separable normed space admitting a C* and Lipschitz
bump function. Then, for a modulus w satisfying , and , the following hold:
COw(X)

: O,w
= Vcsmall(X)v
= v (x).

(i) CH(X) N Lip(X) N CO<(X)
COu(X)

(ii) CF(X) N Lip(X)

Notice that, together with the C* order of smoothness, Theorem [1.3| guarantees Lipschitz ap-
proximations. In particular, any separable normed space X with an equivalent norm of class C*
satisfies the assumption of Theorem [I.3] see Remark [3.6] Moreover, when X is a separable Hilbert
space, one can arrange C'°° smooth approximations, thus obtaining an infinite dimensional version
of Theorem [I.6] see Corollary 3.7, We will restate Theorem [I.3] and prove it in Subsection [3.1]

Another class of spaces X on which we obtain smooth approximations are super-reflexive Banach
spaces. A theorem of Pisier |28] says that any super-reflexive space admits a renorming with modulus
of smoothness of power type 1+ «, for some « € (0,1] — see below for the precise formulation.
These spaces contain the Hilbert (separable or not) spaces, together with many of the classical
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Banach function spaces, such as the LP spaces, with 1 < p < oo; see Remark [3.11} In the following

theorem we establish C1* and Lipschitz approximations for the classes VCO’UJ(X ) and VCS;;)&H(X )

Theorem 1.4. Let X be a super-reflexive space that admits a renorming with modulus of smoothness
of power type 1+, o € (0, 1]. Then, for a modulus w satisfying , and , the following hold:

. COw(X) .
(i) CL(X) N Lip(X)NCO(X) =VC
L STa O ) L ow
(i) L) = v x).
In Remark we will see that in Hilbert spaces and in L? spaces, with p > 2, Theorem
yields Cb! approximations, i.e., C' functions with Lipschitz first derivatives.

Finally, for mappings f : X — Y, where Y is an arbitrary Banach space, in Subsection we
obtain C'*° smooth approximations in the case where X is a space of the form X = ¢y(A).

0,w
small

(X)7

Theorem 1.5. For an arbitrary set of indices A, let X = co(A), and let Y be a Banach space.
Then, for any modulus w satisfying , and , the following hold:

CO¥(X)Y) 0w

X, Y) - VCsmall(X') Y)?

COv(XY)

0,w
small(

(i) C=(X,Y)NVC

(i) C2(X,Y) N VC™(X,Y) =vc™(x,Y).

Theorem [L.5| will be restated and proved in Subsection [3.3] see Theorem [3.12] There, we will also
show that the approximations can be taken to be Lipschitz in the case Y = R.

1.3. Applications on the Euclidean space. Above we presented results that guarantee approx-
imations provided we know pointwise vanishing type conditions. When X = R", we will formulate
these results in terms of mean oscillation type conditions, which are very convenient when studying
commutators of Calderén-Zygmund operators (CZOs), for example. In the one parameter setting
our results recover known components of the theory, but from a more general approach. In the
bi-parameter context applications to the study of the compactness of commutators were recently
presented in |22]. We describe all of this in full detail below, but let us begin by a motivation.

For many non-degenerate CZOs T on R”, the symbol of the commutator b € L{ (R",C) and
p,q € (1,00), there holds that

116, Tl 2oy gy ~ bll o, )

where the space XP4(R"™) is determined as follows. Given p,q € (1,00), let a(p,q) and r(p,q) be
defined through «a(p,q)/n = 1/p —1/q and 1/q = 1/r(p,q) + 1/p. Then, XP9(R™) is the space
of bounded mean oscillations BMO(R"), when p = ¢; the (fractional BMO) space BMO®:9) (R"),
when p < ¢; and the Lebesgue space L9 (R™) modulo additive constants L"®® (R"), when p > ¢.
(The definitions of the spaces BMO, BMO® can be read from Deﬁnitionbelow with the “moduli”
t — tY and t — t, respectively.) With emphasis on the recognition of the correct spaces X?:4(R"™)
to which the symbol belongs, the result is due to Nehari |26] (n = 1) and Coifman, Rochberg,
Weiss [6] (n > 2), when ¢ = p; due to Janson [18|, when ¢ > p; and due to Hytonen [16], when
q < p. We direct the reader to [16] for a further discussion and precise definitions.

When «(p, q) > 1, the space CO-a(p:a) (R™) consists of constant functions and the commutator is
bounded iff it is the zero operator (hence compact, in particular). Thus, only those p, ¢ that result
in a(p,q) <1 are interesting to study. When «(p,q) = 1, |11 Theorems 1.7. & 1.8.] show that the
commutator is compact iff it is the zero operator. Then, for p,q € (1,00) in the non-trivial range
a(p,q) < 1, and for many non-degenerate CZOs T', there holds that

[b,T] € K (IP(R"), LI(R")) & b€ YPI(R") := CE(RD) .

4
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The characterization @ is due to Uchiyama [29|, when p = ¢; due to Guo, He, Wu and Yang |11],
when ¢ > p; and due to Hytonen, Li, Tao and Yang [17], when ¢ < p. We recall that a result of
Meyer’s [23] states that BMO®P9)(R?) = %P9 (R™), for a(p,q) € (0,1). Thus, the following
Theorem [1.6| provides in the case a(p, q) € (0,1) a new characterization of the space YP4(R").

Theorem 1.6. Let Y be a Banach space and the modulus w satisfy , and . Then,

Ve R Y) = Co@n Y)Y,

To obtain the implications “ = 7 in @ it is useful to have a description of YP4(R"™), in the
cases ¢ > p, in terms of vanishing mean oscillation (VMO) type criteria. Such VMO criteria
(Definition , below) usually follow immediately from the existence of approximations, but to
establish approximations from VMO type criteria is delicate. Recall that in the previous section we
established the existence of approximations beginning from pointwise vanishing criteria VC. Below,
as Theorem we provide the correspondence between these VMO and the VC type criteria, which
allows us, when X = R", to reformulate all of our results, among them Theorem in terms of
mean oscillation conditions.

1.4. Formulation as mean oscillation conditions.

Definition 1.7. Let w be a modulus and Y a Banach space. Then, BMO¥(R"™,Y") consists of those
f € L. _(R™Y) locally Bochner integrable functions for which

loc

1 lnoegn = sup O“(£:Q) < 00, O“(f:Q) = f F = (Palv,
Q

where the supremum is taken over all cubes in R™.
We direct the reader to Section [I.4.1] below for a recap of Bochner integrability.

Definition 1.8. Let w be a modulus and Y a Banach space and define the vanishing scales

VMO%,.(R",Y) = {f € BMO*(R",Y) : lim sup O°(f: Q) =0},

VMO, (R™,Y) = { f € BMO®(R",Y) : Jim sup 0“(f;Q) =0},
g 5—>OOZ(Q) 5

VMO, (R",Y) = {f € BMO*(R",Y) : lim sup 0(f;Q) =0},
5~>OOd(Q7O)>6

where the suprema are taken over all cubes. Then, define

VMO* (Rn ) VMOsmall( ) N VMOfar( ) N VMOlarge( Y)
. . ——F——BMO(R") . .

The approximation VMO(R") = C2*(R"?) was already present in the work of Uchiyama
[29]. Uchiyama’s construction relies on covering any bounded neighbourhood of the origin by disjoint
cubes of equal shared side length [ > 0. The key property used is that there exists some M >
0 such that given any cube of side length ~ [, it intersects at most M many of these cubes.
Uchiyama’s construction does not easily translate to the case a € (0, 1) and in |11] an approximation

for VMO*(R"™) = Cgo(R”)BMO B as provided that relies on the same covering property that

Uchiyama’s original argument did. Clearly such a property fails, when X is an arbitrary normed

space. Therefore, one more fact of Theorem in particular of its proof, is that it provides a

conceptually easier approximation that uses only basic mollification along with a very carefully
5



chosen truncation of the support. To make the connection with the mean oscillations and the
pointwise conditions, we assume the following summability condition

1 / 5 dt
Wls 1= sup —— w(t)— < 0. 7
) =sup s [ w] ©
Theorem 1.9. Let Y be a Banach space and the modulus w satisfy and . Then,
I Nlow®nyy Sn Wkl - IBMor@nyy, I+ [IBMO“®n,Y) Sncan ||+ 0w @n yy- (8)
Moreover, if in addition w(oco) = oo, then for each scale T' € {small, far, large}, we have

VORY(R™, V) = VMOZ(R™,Y),  VC“(R",Y) = VMO¥(R",Y). 9)

The proof idea of Theorem goes back to Meyers [23|, who obtained a version of the bounds
with the modulus t%, for @ > 0. The condition @ appears new, but we recognize that it is a
natural summability condition, after all. The identification @D is new. Combining Theorems
and we immediately obtain the following.

Theorem 1.10. Let Y be a Banach space and the modulus w satisfy , , and . Then,
VMO¥(R",Y) = Co(Rn, Y) O 1),

In the following table we gather the different background assumptions on modulus used in the
theorems above.

TABLE 1. Conditions on the modulus in Theorems [I.2] through

Theorem 1.10

[

w(0T) =0 X | x| x| x| x| - | x
w(oc0) = 00 X | x| x| x| x| x| x

w is doubling X | x| X | x| x| X X
limyyot/w(t)=0] x | x | X | X | X | - X
(W] < 00 I S I S S

1.4.1. Bochner integrability. In the proof of Theorem [I.6] as well as in Theorem [3:12] we will
make use of the Bochner integral to build up smooth approximations. We refer to [4, pp. 99—
101] for an exposition on the integrability of Banach-valued maps, and to [14, pp. 39-40] for
Differentiation Under the Integral Sign results for the Bochner integral. If Q C R”™ is Lebesgue
measurable, a simple function s : 2 — Y is a function of the form s = Zf\i 1Yi - Xg,, for measurable
subsets F1,...,En C €, and vectors y1,...,yn € Y. Then, we say that a function f : Q — Y is
measurable if it is the a.e. pointwise limit of a sequence {s;, }, of simple funtions in 2. Denoting by
A the Lebesgue measure in R”, a simple function s as above is Bochner-integrable in €2 whenever
AM(E;) < oo for every i, and the Bochner-integral of s is defined by [, s(x) dz = Zf\il yiN(E;). And
a measurable function f : 2 — Y is Bochner-integrable if there exists a sequence of simple functions
{sn}n converging a.e. to f in Q so that

lim /Q (@) = fun(@)lly daz = 0.

n,m—00

In such case, the Bochner integral of f is defined by

[ =i [ o

Lastly, a function f is said to be locally Bochner interable, provided that f is Bochner integrable
on each compact set £ C R".
6



1.5. Applications to the compactness of the bi-commutator. Theorems [I.6] [I.9] and [I.1I0]
were partly motivated by applications to bi-parameter harmonic analysis that followed in the sub-
sequent work of the second named author [22]. We turn to describing the details. We consider
R™ = R™ x R™ as a bi-parameter space, take CZOs T; on R™ and b € Llloc(R”,(C), where T;
acts on functions on R™ by acting only on the variable z;. Then, the bi-commutator [T, [b, T1]] is
obtained by commuting the symbol first with 77 and then with 75.

The product BMO upper bound for the LP-to-L? boundedness of the bi-commutator was obtained
with the Hilbert transforms in Ferguson, Sadosky [10] and in full generality later by Dalenc, Ou
[7]. The proof of the corresponding lower bound in terms of the product BMO for specific singular
integrals (Hilbert/Riesz transforms) has been reported to have a gap, see e.g. [1,9,/15], and a fix has
not yet been published. The existence of this gap adds considerable interest to all natural questions
involving the bi-commutator.

Instead of looking at LP-to-LP bounds, the product stucture of the bi-commutator makes it
natural to consider mixed LP'(LP?)-to-L9'(L%) bounds, where we allow ¢; # p;. This was done
in |1]. The exponents directly connecting with our work are those p;, q; € (1,00) for which g; :=
ni(1/p; —1/¢;) > 0 and moreover the inequality 8; > 0 is strict for some i = 1,2, which we start to
assume here and below. The function space to characterize the LP* (LP?)-to-L% (L%) bounds turned
out to be

16/l B0 22 (R™)

= sup 5(11)51][ U(I2)~7 o |b(z1,m9) — (b1, )1, — (B(w2)) 1y + (D) 1y <1, | Az Ay
R=I1XI L I

The space BMOP1:52 (R™) is in fact a BMO-valued or a CY%_valued Holder space, see [1, Section
3]. Then, recently in [22|, the corresponding LP!(LP2)-to-L% (L%) compactness was characterized
through the VMO analogue VMOP1:52 (R™). Interestingly, such mixed norm compactness results
can be used to prove the sufficiency of the natural product VMO condition for compactness in
the non-mixed LP — LP case. That proof rests on an adaptation of an extrapolation scheme for
commutators from |27] and the following Theorem which is a corollary of the approximations
developed in this article.

Theorem 1.11. Let 3; € [0,1) and B; > 0 for some i = 1,2. Then,

————BMO"1:82(R"
VMOPP2 (R = Coo®my Y
Theorem [1.11] is a bi-parameter analogue of Theorem [1.10] The proof of Theorem [1.11]is split
between the current article and [22]. We record a quantitative version of Theorem in the body-
text after the proof of Theorem as Corollary and then, assuming Corollary Theorem
is proved in |22, Section 3.|.

Acknowledgements. We thank the anonymous referee for thoroughly reading the manuscript
and for their comments, which led to improvements in both clarity and presentation. C. M. was
supported by the grant no. 334466 of the Research Council of Norway, “Fourier Methods and
Multiplicative Analysis”. T.O. was supported by the Finnish Academy of Science and Letters, and
by the MICINN (Spain) grant no. PID2020-114167GB-100.

2. BOUNDED SUPPORT APPROXIMATION

In this section we prove Theorem and then show how to obtain from this Theorem
and then Corollary After these, at the end of this section, we prove Theorem Recall
that we simplify the notation by denoting ||z||x = ||z|| and ||f(z)|ly = |f(z)|. We denote by
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B(z,r) :={2 € X : ||l — z|| < r} the closed ball with center z € X and radius r > 0. We begin
with a simple remark.

Remark 2.1. For normed spaces X and Y, and I" € {small, large, far}, the set \/;C%w(X ,Y) is closed
with respect to the C%“-seminorm, meaning that if a sequence of functions (fy)n C VCIQ’W(X Y)

converges to an f € C’O’W(X, Y), then f € VC%UJ(X, Y') as well. Indeed, for any € > 0, we find n € N
so that || f — fullcow < €. Then, for any two distinct points =,y € X, we write

[f @) = fW)] _ [falx) = fu)l | |(F = fa)(@) = (f = fa) (W)

< +
w(llz —yl) w(llz —yl) w(llz —yl)
[fn(@) = fn(y)] [fn(@) = fn(y)]
< FIF = Fullgoueyy < ‘e
w(llz —yl) N = w(llz —yll)
Since f, € VClq’w(X, Y'), the above clearly implies f € V.Cg’w(X, Y).
Consequently, in the case where Y is a Banach space, (VClq’w(X, Y), |l llgow(xy)) is a Banach

space of modulo constant equivalence classes.
The following two lemmas will be very useful.

Lemma 2.2. Let X, Y be arbitrary normed spaces. Let w satisfy and . Then, we have
VC?;:U(X, Y) = {f e C™(X,Y) : lim sup 0SC( ) (f) = O}.

0= max(||||, |lyll)>6

Proof. Only the inclusion C is not immediate; let f € VC?E;:J(X,Y) and € > 0. Let M = M(e)
be such that if y,z € X and ||y|, ||z]| > M, then |f(y) — f(2)| < ew(|ly — #||). Now we consider
arbitrary x,y € X, and assume ||y|| > R, for certain R > M to be specified later. If ||| > M, then
we are done by how we fixed M above. So suppose that x € B(0, M). Take a point z € [z,y] with
I2[ = M. By |[z]], ||z]| < M and [[y] [|z]| = M,

(@) = fWI _ [f@) = F 1) = FW)l w2 —yl)
)

w(llz=yll) = wllz—yl)  wllz=yl) wlz-yl
[fll¢o.0 xyw(llz = 2[1) [[fll 0.0 ()@ (20M)
o) | +e< O0X) +e.
w((lz =yl w(llz =yl

To control the above term, note that if |ly|| > R > M, then we have ||z — y|| > R/2 because
|lz|| < M. Also, by condition lim; . w(t) = 0o, we find R = R(M,¢) so that w(2M) < ew(R).
Therefore, since ||y|| > R, using the doubling condition (4]) we conclude
||f||(;~0,w(x)w(2M) fe< ||f”c'~0,w(x)°~’(2M)

w(R/2) - Cd_blw(R)

(10)

RHS (10) <

&< 1+ Cavllflleowx)e

O

Lemma 2.3. Let X,Y be arbitrary normed spaces. Let w be non-decreasing and satisfy . Let
7: X — X be Lipschitz. Then,
: Ow : O,w
VCsmall(Xv Y) oT C VCsmall(X7 Y)
Proof. Let € > 0 and we need to show that if r is taken sufficiently small, then

(Fon)@ = (Forwl _ _

[foTlleosxyy = sup .
creeen) T D w(llz —yll)

lz—yll<r
8



Let us denote £(r) := || f||z0« so that e(r) — 0 as r — 0. Let |[[x — y|| < r and by w being
non-decreasing and doubling we bound

[(for)(@) = (for)W| _ [f(r(x)) = fF(r(y)| wlliT(z) = 7))
w(llz = yll) w(lir@) =7l wlllz—yl)
< e(Lip(7)r) - C(Cap, Lip(7)),

and the right-hand side tends to zero as r does. O

Proof of Theorem[1.3 Flrst note that if f € VCsmaH(X ,Y') has bounded support, then, by property

of w, f belongs to v “(X,Y). Since v “(X,Y) is closed under limits with respect to the
seminorm C%¥, as per Remark [2 . the inclusion “ C 7 holds true.

The reverse 1nc1u510n is much more complicated. To construct the desired approximation, we
define, for each M > 0, the following key function

, ]| < M,
2
m X = BOM), (o) = (B e M o) <2M, (12)
0, lz|| > 2M.

Our goal is to show that, given f € Ve and e > 0, we can find M > 0 large enough so that

-0,
form € VCguns  IIf = fomullgow Se (13)

Notice that f o7y — f(0) is zero outside B(0,2M), and hence f o7y; has bounded support. (Recall
that C%¢ is defined modulo constant equivalence classes.) The choice of M will be made in terms
of a small parameter r and a large parameter R, both depending on € and f. But before doing that,
we need to check some properties concerning the function 77, for any M > 0.

First, we verify that

|lTar(x) — Tar(2)|| < 5|l — 2| forall z,ze€ X. (14)
Indeed, for points z,z € B(0,2M) \ B(0, M), the definition of 7 and the triangle inequality give

@) = rar(l < (2= B2 - o Lelyz oy o - Bz,
AN EN
<=ty Wl o Bl )
<@-2hk J”(zw F = M) 2 = 5l — 2],

where in the second bound we used the basic identity a® — b = (a + b)(a — b). As 7 is obviously
1-Lipschitz in the sets B(0, M) and B(0,2M )¢, and 7/ is continuous in X, we deduce for all
z,z € X.

Then we show the following contraction propertyﬂ:

{M SR>1, zeBO,M)?° mylz),mu(z) e B(O,R)}

= [lmu(2) — T (2)]| < z—z|. (16)

\ﬁ\l

11f the power 2 in the definition of 7as was replaced with the power 1, neither nor a variation of
with a function 6 : (0,00) — (0, 00) satisfying limas—e0 (M) = 0 instead of 1/v/M is true.
9



To show (16]), assume M > R > 1, and we distinguish two cases. If ||z — z|| > M2, then we have
- [ PR P

M/2 -~ VM
So next assume that z € B(x, M/2). Since R < M and 1p;(z) € B(0, R), by the definition of 7 we
must have necessarily ||z|| > M. Thus, it remains to show that

lmar(z) — s (2)]] < 2R < 2R

{M >R>1, z,z€ B(O,M)", mam(z), m(z) € B(0, R)}

= [lmu(z) =T (2)]| < WHZC — 2|, (A7)

which is symmetric with respect to both variables z, z. Notice that if x,z € B(0,2M)°, then the
left-hand side of the claimed estimate is zero. Assume that z, z € B(0,2M)\ B(0, M) and we make
the following observation. By 73/(x) € B(0, R) and x € B(0, M)¢, there holds that

() e amao [

and the same bound is valid for the variable z. Thus, by (15| ., and also using M > R > 1, we obtain
T z T —z
raete) — mar(e)l < (2120 g MEY I 2y TR,

(VG4 Aflu_zn<5¢h|u—zngvﬁux_4

As the last case, suppose that z € B(0,2M)¢. This case follows by the continuity of 75, and the
previous case. Indeed, taking a point y € [z, z] with ||y|| = 2M, by the previous case applied for =
and y, and bearing in mind that 7p/(2) = Tas(y) = 0, we deduce

HUA@—TM@N:HUA@—WM@N<\fJM—yH<vﬁwx—d

We have shown , and thus the claim .

We now begin the verification of (13)), so let f € VCO’w. Since 17 is Lipschitz , Lemma
implies the left claim on the line (13), for any M > 0. Given € > 0, it remains to determine the
parameter M bO that the right claim in holds.

Since f € VCsmaH, by Lemma (and its proof), we take r > 0, depending on the data f, e, Cq,
(but not on o) so that

sup [foolz) = fooly)l <eg, for every function o:X — X with Lip(o) <5. (18)

aryex  willz—yl)
le=yli<r

Because f € VC?;), Lemma allows us to take large R > 1 (depending only on ¢ and f) so that

1f(z) — F(y)l
s S (=) = ° (19)

Finally, by the assumption on w, we take M > 0 large enough so that

M >R, wR- MY <ew(r), and w(2R) < ew(MY4). (20)
In order to prove that holds with this choice of M > 0, we will first show that
for all x € B(0,M)¢ and z € X, there holds that [/ TM)((:T) — (fHC)) ™) (2)] Swfe (21)
w(||z — =

10



Fix a point € B(0, M)¢ and we distinguish cases depending on the sizes of 7(z) and 7(2).
Case 1. If 7ps(x) € B(0, R)¢, then by , , and w being non-decreasing and doubling ,

@) = 1o < (o swp H =T o m @) - a9 5, e =<1

Case 2. The case 1p/(z) € B(0, R) is symmetrical to Case 1.
Case 3. Now consider 7/ (z), 7as(2) € B(0, R). First observe that when ||z — z|| > M4, using
that f € C% and ( ., we have

|f(raa (@) = f(rar ()] < 1l gowow([mar () — 7o (2)])
< N fllgoww(2R) < [If [ gowew M) < || fll gowew(llz = 2]).

Therefore, as the second subcase of the current Case 3, we now assume that [z — z|| < M4

Moreover, and the fact that 7as is 5-Lipschitz (see ) imply that, to prove the estimate

for x, z, we may assume that ||z — z|| > r. Thus, our current standing assumptions are
z€B(0,M)°, m(z),ma(2) € BO,R), r<|z—zl <MY (22)

First we bound

[f(rar (@) = Flra (2D S om0,y @ (ITae (@) = T (D)) S w(llmaa (@) = 7ar (21D (23)

Then, by the property (first two of are in force), the upper bound ||z — z|| < MY4 of ,
then the second inequality of , and finally the lower bound r < ||z — z|| of give us

RHS @) S, w(zllo — 21) < w( M) < ) < (o - 21 (24)

where we used also that w is non-decreasing. Chaining the estimates and , we have shown
for x, z as in the present Case 3.

We are finally ready so show the right claim on the line . If z,z € B(0, M) there is nothing
to prove, since 7(x) = x and 7(2) = z. The supremum over those z € B(0, M), z € X, can be
estimated using (| . the fact that M > R (see (20] . and ( . as

(f = (foman))(@) = (f = (f o 7ir)) (7))

sup  sup

z€B(0,M)° 2€X w(|lz — z[])
< sup sup M sup  sup |(f o mar)(x) = (f o Tar)(2)]
veBOM)ezex Wz —2l)  zepoar)e zex w(llz = z])
S sup SHPMJrsNa
zeB(0,R)c zeX wW(||z — z|])

We have now shown both claims on the line , thus completing the proof of Theorem U

We next show how to easily upgrade the above bounded support approximation into a compact
and smooth approximation on X = R", but Y is allowed to be an arbitrary Banach space.

Proof of Theorem[I.6, Let f € VCO’W(R Y) and by Theorem [1.2] find g € VCsmaH( Y) with
bounded support such that ||f — g”C’va(Rn y) <& Letr >0 and 0 <n € CX(B(0, r)) be a

standard real-valued smooth bump in R" with fR” nr = 1, and we define

) =g < mp(a) = [

with the integral in the Bochner sense.

wx—@muMzz/' o(e — 2mp(z)dz, T R,
B(0,r)

n

11



For the sake of completeness, let us justify why the integral h,(x) is well-defined for every z € R".
Denote momentarily B := B(0,r). The function
B>z 0.(2) i=glx — 2)n(2)

is uniformly continuous B — Y, by the compactness of B and the continuity of the functions g and
ny. In particular, for each y* € Y*, one has that the mapping B — R given by B 3 z — y*(0,(2))
is continuous, and thus Lebesgue measurable over B. Also, the continuity of o, implies that the
image o;(B) is compact, and so the closed linear span

span{o,(z) : z € B}

is a separable subspace of Y. By |4, Proposition 5.1], these two properties guarantee the measurability
of o, in B. Then, by |4, Proposition 5.2] the Bochner-integrability of o, is equivalent to ||o|ly €
LY(B), that is, [ ||oz(2)|ly dz < co. But this is an immediate consequence of the fact that 7, is a

test function, and that g, being a function of COw (R™Y), is bounded on bounded sets.
Notice that h, is compactly supported, as are g and n,. Moreover, since n, € C*°(R",Y") is with
compact support, writing

@)= [ a(Ine =2

and using Differentiation Under the Integral Sign theorems for the Bochner integral (see |14, Corol-
lary 91]), one obtains that h, € C*(R™,Y) as well.
Provided that |u| < 4, there holds uniformly in 7 that

o+ = @) =| [ n@)gte+u=2)— gla - 2)dz] < glgguwllul),
and hence we find § > 0 so that, uniformly in r, we have ||g — || z00 < ||gll z0.0 + [[Ar]l po.0 < €. To
§ 8 5

. -0, . . .
deal with the scales > § we argue as follows. Observe that g € VCsn‘faH is uniformly continuous, by
lim; o w(t) = 0, and thus the approximation h, := g % 1, converges uniformly to g, as r — 0. We
let 7 = r(6) be so small that ||g — Ay [ < Few(8). Then, for |z — z| > 4, there holds that

(g = hr)(@) = (9 = he) (2] < 2[lg = hrlloo < ew(d) < ew(|x — z]),

by w being non-decreasing. This concludes the proof of VCO’W(R”, Y) C C*(R"Y)
For the reverse inclusion “ D ”, simply notice that by the Mean Value Inequality, C°(R™,Y) C
Lipp¢(R™,Y). We remind that this inequality holds for smooth Y-valued functions, as a consequence

of the Hahn-Banach theorem on Y. Also, by (§3)) there holds that Lip,,(R",Y) C v (R™Y). As
VCO’W(R”, Y') is closed with respect to COw limits, by Remark , we are done. ]

CO¥(R™)Y)

Next, we record a quantitative version of Theorem to be used in the proof of Theorem [1.11
in [22|. While Corollary below is one the key elements in applications to the bi-commutator in
[22], it plays no further role in the present article.

Definition 2.4. For a subset G of VCO’w(]R”,Y), we write G Cy VCO’M(R”,Y) (with “u” for
uniformly) provided that G is equibounded in the C%* seminorm, and that for all £ > 0, there
exists t > 0 such that if |z — y| <t or |z| >t~ or |y| > t7L, then

lg(z) — g(v)l

geG w(|x - y|)
By an inspection of the above proofs, the reader convinces themselves that the following is true.

Corollary 2.5. Let Y be a Banach space and the modulus w satisfy and . Let G C,
VC"(R™,Y). Then,

<e€

12



e for all L > 0 we have G o T, Cy VCO’W(R",Y),

o for all L, L' > 0 we have (G oTr) *np Cy VCO’M(R”,Y),
o for all M = M (e) > 0 sufficiently large

sup || f — f o a0 gn 1y < €5 (25)
e cV(Rn,Y)

e for all K = K(M,e) > 0 sufficiently large
sup || f o mar — (f o 7ar) * My ll o gn 3y < € (26)
e /KNE" (R vy
Proving approximations with a more general normed space X and Y =R (or Y = C) is a delicate

task and this is the content of the next Section [3] But before that, we finish this section by proving
the connection between pointwise and mean oscillation type conditions.

Proof of Theorem[1.9 We first prove the norms equivalent. Fix an arbitrary cube ) and estimate

][|f Q|Yd90<][][|f W)ly dz dy < | Floowgny) ][][ (o — yl) dz dy

and we continue the bound with
][ ][ (I — ) dwdy Snc, w(£(Q)), (27)

thus we obtain || f{l 0. @gn yy Zn.Ca, [[flIBMO= (R ¥)-

For the other direction, fix x,z € R™ and let ()9 be a cube containing both x and y such that
2(Qo) = |z — y|. Consider the dyadic descendants of Qo (achieved by iteratively halving the sides)
and for every integer k& > 0 let Qg () be the descendant of Qg of sidelength 27%/(Qq) that contains
the point z. Similarly, we define Q(y) for each k. By the continuity of f : R” — Y, we may write

F@) =) = (XN — Paw) = (X Paww — Naw)- (28)

k=0 k=0
Both sums are estimated identically, so it is enough to consider the first. We bound

‘ Z Qr+1(z Qk(l“

and we continue, using that w is non—decreasmg and the condition (7)), with

e’} (QO)
S w(l(@ Ze ) SUOE)) / A0 4t < ful.w(t(Qu))
k=0

o0

< Z ][ Povoly < 1oy S (@)

Qr(x) k=0

(Qk(z)) —

Since w(t(Q0)) = wlli — ), 1 follows that 1oy S (91l Immom e v).
It is clear that the above argument gives VC(F)’W(R”,Y) = VMO#(R™,Y), when I' = small, as
Well as the inclusion V‘C%w( Y) C VMO (R",Y), when I'' = far. The reverse inclusion “ D ” for
= far can be seen as follows Notice first that the assumption f € VMO (R",Y), by the above
proof, gives the following. For all € > 0 there exists some M = M (g) > 0 so that

@) = I _

sup  sup

(29)
4Qo)>Mzyeq w(|z—yl)

If the line [z, y] connecting = to y satisfies d([z,y],0) > M, then both x,y can be enclosed in some
large cube @ such that d(Q,0) > M. Therefore, by , this case is clear.
Let M = M (e) be such that holds and consider x, y such that |z|, |y| > R but d([z,y],0) < M
and R > M. We consider M fixed and will show that taking R = R(M, || f|| 0., w) sufficiently large
13



yields a correct bound. Since R > M, we find points z1, 29 € [z,y] such that d([z, z1],0) > M,
d([z2,9],0) > M and |z1], |22] < M. Then, using for the pairs of points (z,21) and (z2,y) we
bound

[f (@) = f)l < [f(x) = flz)| +1f(21) = f(z2) | + [f(22) = F(y)]

< o = aa) + I flencsllon = 22 + ewllza = ) < (26 =220 g Yt = o).

To get a bound of a multiple of an ¢ for the bracketed factor, we use that |z; — 22| < |z1|+|22| < 2M
and that |z —y| > R/2. Indeed, for the latter bound, note that if |z —y| < R/2, then by |z|, |y| > R,

for each z € [z,y], we can bound |z| > |z| — |z — y| > R/2 > M which contradicts d([z,y],0) < M.
Using that w is non-decreasing and w(oo) = oo we take R = R(M, || f|| 0w, w) so that

w(4M)
w(R)

This concludes the proof of the inclusion VC?; (R™Y) C VMOg,(R™,Y).

For I' = large, a further argument is needed for both inclusions. We begin by showing that
VO o(R™,Y) 5 VMO, ,o(R", V). Let f € VMO, ,.(R",Y), and € > 0, and let K € N be such
that if £(Q) > 2%, then O¥(f;Q) < e. Let N > K be a large integer to be specified later, and
suppose z,y € R™ are so that |z —y| > 2. Let M > N be so that 2™ < |z —y| < 2M+1 and let

Qo be a cube containing both z,y and with ¢(Qo) = |z — y|. Then, again considering the left sum
in the expansion , we bound

w(lz1 — 22)

[fllgow <€

S oo - Nawl, < (2 + S iawmm - ol
k=0 k=0 k=M-K+1
Sn € AZZ%)KUJ(E(QIC(HJ))) + z(s)ufy( O“(f;Q) k;}{ﬂ w(l(Qk(z)))
ey € /2 iMH wit)dt+e(qs);1SpQK 0(f; Q) / ’ wit) dt
Seu (i [, 220
TR Gy M S 0) R

K
S (el + s Mo vl Yol = o).

By the condition w(oo) = oo, we choose N large enough and bound the bracketed factor from above
by < 2e]w].. Repeating the same proof with y in place of z, we control the right sum on the line

and thus obtain |f(z) — f(y)| < 4e[w].w(|z — y|), that is, f € VC?;ge(R”,Y).
Then, we show that VChig (R, Y) C VMOE, (R, Y). Let f € VCim (R, Y), ¢ > 0, and
R > 0 be such that osc§(f) < ¢, if 6 > R. Let M > R be a large constant, which we will specify

later, and @ € Q a cube such that £(Q) > M. For every y € @, denote by Qr(y) the cube centered
14



at y and of diam(Qr(y)) = R. Then, we have

£ L= swhvasay=f ([ x [ ie sl dray
<e][/Q\QR(y) (= i) ddy -+ sup o ][/QQ w(lz - yl) de dy

ff (| =yl ddy + suposcs 72|Q/R ol — v dz dy) Q]

By repeating the bound (2 ., the left term in the brackets is bounded from above by <,, ¢, ew(¢(Q)),
which is a bound of the correct form. For the right term we bound

R n
S W lenegen (57 ) 90 < I onan () < slUQ)):

as w(oo) = 0o, and M is chosen sufficiently large. O

3. APPROXIMATION IN INFINITE DIMENSIONAL SPACES

In this section we study approximations in Banach spaces with respect to the C%“ seminorm.
In Subsections and [3:2] we establish results for real-valued functions f : X — R, where the
approximating functions are not only C* or C® smooth but also Lipschitz and with bounded
support. In the last Subsection [3.3] we obtain C° smooth approximations of Banach-valued map-
plngs f i co(A) — Y, that are not necessarily Lipschitz but have bounded support and belong to
VC ( ) As a corollary, we deduce C*° and VC “ and approximations with bounded support
for all VC “ functions defined on R” and with values in any Banach space.

As we mentioned in the introduction, for general background on smooth analysis on Banach
spaces, including smooth renomings and approximations, we refer the reader to the monographs
[4] by Benyamini and Lindenstrauss; |8] by Deville, Godefroy, and Zizler; and [13] by Hajek and
Johanis.

Assumptions on the modulus. Throughout this whole Section [3]we assume that the modulus satisfies
all the assumptions of Theorem , i.e. w is non-decreasing and satisfies , and .

Notation and basic definitions.

e By Lip(X) we denote the class of real-valued Lipschitz functions (not necessarily bounded)
on X. We say that g : X — R is L-Lipschitz provided that |g(z) — g(y)| < L|lz — y|| for
every x,y € X, and we denote the minimal Lipschitz constant of g by Lip(g).

We denote by X* the (continuous) dual of X, and the dual norm in X* by || - ||, that is,

[A]l« := sup{|A(v)] : [|vf] <1},

for every A € X*.
When speaking of differentiability of functions or mappings f : X — Y, we always mean
differentiability in the Fréchet sense. We say, of course, that f is of class C¥(X,Y’), when f
has Fréchet derivatives up to order k, and those derivatives are continuous on X.
We say that a norm || - || on X is of class C* if || - | € C*(X \ {0}), for k € NU {oc}.
For any class of functions C(X,Y"), the subscripted set Cps(X,Y") consists of functions h :
X — Y of class C that have bounded support, meaning that there exists R > 0 so that
h(z) =0 for every x € X \ B(0, R).
Finally, a bump function h : X — Y is a non-zero function with bounded support.
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3.1. Lipschitz and smooth approximations. In a real normed space X, we consider real-valued

functions “f” of the class VCO’W(X ,R), the last abbreviated by VCO’w(X ). By Theorem these
. . . -0, .

functions “f” can be approximated by functions, say “g”, of class VCsr:au(X ) with bounded sup-

port, in the C0% (X)) seminorm. Our goal is to further approximate these functions “¢g” by Lipschitz
functions (whose regularity will vary depending on the smoothness properties of X) with bounded

(1))

support. In approximating “g” a crucial step is to reduce the problem to the problem of approximat-
ing Lipschitz functions by smooth Lipschitz functions with good control on the Lipschitz constants.
The main results of this subsection are Theorem [3.3] valid for arbitrary normed spaces, and The-
orem [3.5] valid for separable normed spaces X with a fixed degree of smoothness. The proofs of
these two Theorems and employ several technical lemma, which will be reused in the later
Subsections 3.2 and [3.3]

We begin by proving these technical lemmas and for this purpose, it will be useful to consider
the minimal modulus of continuity of a function f: X — R, i.e.,

wr(t) == sup{|f(z) = f(y)] : o =yl <t}, >0
Note that wy : [0, 00] — [0, 00| is non-decreasing, and if f is uniformly continuous, then lim;_,o w(t) =
0. Moreover, if f € C%(X), then w; < ||f||C~0,w(X)w, and especially wy(t) is finite at every ¢, but,
in general, w and wy are incomparable. Furthermore, since X is a normed space, it is easy to see
that wy is sub-additive, i.e. wy(s +1t) < wp(t) +wy(s) for all t,s > 0. This implies

wr(t) <2twye(l), forall t>1. (30)

Lemma 3.1. Let X be a normed space and f € VCSI’:;H(X). Then, there exists a sequence (fp)n C
Lip(X) of functions converging to f in the C%%(X)-seminorm. Moreover, if f has bounded support,
the sequence can be taken (fpn)n C Lipps(X) to have bounded supports.

- 0 : .
Proof. As f € VC i (X)), by the comments preceding the present lemma, the minimal modulus of

continuity wy is sub-additive and satisfies w¢(t) — 0, as t — 0; then, it is a known result that the
sequence

fu(x) = yig)f({f(y) +nllz—yl}, ze€X,

converges uniformly to f in X and each f, is n-Lipschitz; for a proof see e.g. |14} p. 408|.
Now, let us see that ||f — fn”C"°7“’(X) — 0, as n — o0o. Indeed, given ¢ > 0 there exists 6 > 0

so that ||z — z|| < ¢ implies |f(z) — f(2)] < ew(||x — z]|). Let us take N € N large enough so that
supy |f — fn] < ew(d) for each n > N. Using that w is non-decreasing, this gives the estimate
[(f = f)(@) = (f = f) ()] S2||f = falloo < ew(0) < ew(l|z — 2])),
whenever ||z — z|| > d, n > N.
Now, for fixed z, z € X such that ||x—z|| < d, we proceed as follows. Givenn > 0, let y = y(x,n, f,n)
be so that
fal@) = f(y) + nllz =yl —n.
This choice of y and the definition of f, yield
(f = fu)(@) = (f = fu)(2) < f(@) = fy) = nllz =yl +n = f(2) + fu(2)

<f@) = f@y) —nllz =yl +n-f) + fly+2z-2)+nlz = (y+2-2)|

< f@) = f(2) = (Fly) = fly+ 2z —2) +n <ew(|lz - 2) + ew([le = 2[]) + 2.
Letting n — 0, we get

(f = fa)(@) = (f = fu)(2) < 2ew(||z — 2]).
1
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The same argument swapping x and z,gives |(f — fn)(z) — (f — fn)(2)| < 2ew(||x — 2||), for every
n € N. We conclude that ||f — anC-o,w(X) < 2¢, for n > N.

For the assertion concerning the boundedness of the supports, we may assume that f(y) = 0,
whenever [|y|| > R, for some R > 0. We will localize the infimum defining f,. For each y € X it
follows from the definitions of f,, and wy that

fy) +nlle —yll = f(x) —wr(lle = yl)) +nlle -yl
> fulz) —wr(llz —yl) +nlle -yl (31)
Using property of the minimal modulus of continuity wy, and the observations subsequent to
the definition of wy, we have that
wi(llz —yll) < 2[z —yllwr1) < 20 fleowxllz —yll,  when  [lz -yl > 1.

Therefore, for n > 2w(1)||f||CO,W(X), one has that RHS(31) > f,(z), provided that ||z — y|| > 1.
These observations show that the infimum defining f,(x) is restricted to B(x,1) :

fule) = inf () +nle -yl zeX.

Now, if ||z|| > R + 1, then |ly|]| > R, and so f(y) = 0, whenever y € B(z,1). Thus, by the previous
formula, we deduce f,(z) = inf,cp(y1){n/lz — y|} = 0, which shows that f,, has bounded support,
for n large enough.

O

In the following lemma we show that a uniform approximation by Lipschitz functions with con-
trolled Lipschitz constants yields a C%*(X) approximation.

Lemma 3.2. Let f : X — R and (f,)n C Lip(X) be a sequence such that limsup,, Lip(f,) < oo
and f, converges to f uniformly on X. Then, limsup,, || f, — fHC‘O»W(X) =0.

Proof. By passing to a subsequence, we may assume that L := sup, Lip(f,) < oo. Then, f is
Lipschitz on X, with Lip(f) < L. Given € > 0, by lim; o t/w(t) = 0, we find § > 0 so that
t
m < H—LL’ whenever ¢ <.
Let N € N be such that supy |fn, — f| < ew(d) for all n > N. Because f and each f, is L-Lipschitz,
for any two distinct points z, z € X with ||z — z|| < J, we have

e { LSO 1)~ S e =

w(llz —z[) * wlllz— =) (e ==l =%

then, triangle inequality gives

(f = F)(@) = (f = f) ()] (@) = FR)] | [fn(2) = fn(2)]

w(llz = =) — (e = =) wz—al) =

And for scales ||z — z|| > 0, observe that for n > N, using that w is non-decreasing, we have
((F = Fn)(@) = (F = Fa)(2)] < 250D |f = ful < 2ew(0) < 2ew(llo = 2).
O

We are now ready to prove our first main Theorem [3.3] on Lipschitz approximations. It does not
involve smoothness, but holds in any normed space and will be a key ingredient in the proofs of
Theorems [3.10] and [B.12] of later sections.

Theorem 3.3 (Lipschitz approximation of VCO’W). Let X be a normed space. Then, the following
hold:
17



) - - C.O’“’(X) - 0w
(Z) L1p<X) n .CO,w (X) = VCsmall

- Mw . w
(i) Tippa(X)° 20 —vie™ (x).
Proof.

(i) The inclusion “ C ” follows immediately from Lemma . For the converse inclusion “ > 7, we
0,w

observe that condition () gives Lip(X) N C%¥(X) c VC, . (X), and then recall that VCgr’:aH(X )
is closed.

(ii) By Theorem we know that if f € VCO’W(X), and € > 0, we can find g € V'CO’M(X) with
bounded support and || f — gHC’OM(X) < e. Then, Lemma [3.1| provides us with h € Lip,,(X) so that

(X)7

[13

small

|lh — gHCOvW(X) < ¢, and therefore ||f — h|’CO’W(X) < 2¢; this shows the inclusion “ D ”.

For the converse implication “ C ”, it is enough to observe that Lip, (X) C V'CO’M(X ) and that
VCO’W(X ) is a closed subspace of C%(X); see Remark O

Performing smooth approximations in the appropriate Banach spaces will require more work. We
first show that if a normed space X has a C* and Lipschitz bump function, from now on a C* N Lip
bump, then a C* N Lip approximation with uniformly bounded Lipschitz constants, of a Lipschitz
function g with bounded support, can be upgraded to a C* N Lip approximation with uniformly
bounded Lipschitz constants and bounded supports.

Lemma 3.4. Let k € NU {oo} be fized and let X be a normed space that admits a C* N Lip bump.
Let g € Lip(X) and (gn)n C C*(X) NLip(X) be a sequence of functions converging uniformly to g
on X, and with lim sup,, Lip(g,) < oo.

Then, if g has bounded support, there exists a sequence (hy), C CF(X) N Lip(X) with bounded
supports that converge to g uniformly (on X ) and moreover lim sup,, Lip(hy,) < oo.

Proof. Let g be as in the assumption, and let R > 0 be so that g = 0 outside the ball B(0, R). We first
construct a suitable bump that decays from one to zero over the annular region B(0, AR)\ B(0,2R),
for a certain A > 2 to be fixed later. Since X admits a C* N Lip bump, by |8, Proposition II, 5.1]
there exist a constant 0 < a < 1 and a function ¢ : X — [0,00) so that ¢ € Lip(X) N C*(X \ {0})
and

allzf| <P(z) < |=f], =eX. (32)

The statement and proof of |8, Proposition II, 5.1] are written for k = 1, but they clearly hold true
for k € NU {oo} as well. Now, pick a function § : R — [0,1] so that § € C°°(R) N Lip(R), and
0(t) = 1, whenever t < 2R, and 0(t) = 0, whenever ¢t > 4R. Then, define a bump function by

0: X =R, o(z) =0(y¥(x)), =ze€lX. (33)

By the properties of # and 1, it is immediate that ¢ € C*(X) N Lip(X), and that ¢ takes values
in [0,1]. Also, if ||z|| < 2R, one has ¢(z) < 2R by (32), and thus ¢(z) = 6(¢)(x)) = 1. Similary, we
deduce that ¢(z) = 6(¢(z)) = 0 for those z € X such that ||z|| > 4R/a =: A.

Now, by assumption we can find a sequence (g, ), C C¥(X) N Lip(X) converging uniformly to g
on X, and, after passing to a subsequence, with the property sup,, Lip(g,) < co. Define h,, := ¢g,
for each n € N, where ¢ is as in (33). Since ¢ vanishes outside the ball B(0,4R/a), the function g,
has bounded support. Also,

hn(2) — g(2)] = lo(x)gn(z) — 9(2)| < lo(z) = 1[gn(2)] + [gn(2) — g(2)]. (34)

The second term in the sum converges to 0 uniformly on z. For the first term, note that if ||z|| < 2R,
then ¢(z) = 1, and so |¢(x) — 1||gn(z)| = 0. When ||z|| > 2R, we have lim, |g,(z)| = |g(x)| = 0,
18



uniformly on those x, by the bounded support of g. Since also ¢ takes values in [0, 1], we conclude
that the first term tends uniformly to 0 as n — oo. Now we have shown that

lim sup|h (x) —g(x)| — 0.

Tl—)OO

Concerning the regularity of h,, note that obviously h,, € C*(X) because both ¢ and g, are of
class C*. To verify that lim sup,, Lip(h,) < 0o, we estimate the derivative of h, by

1D @)+ < ¢ (@)|[Dgn(@)ll + lgn (@)D ()l < Lip(gn) + Lip(¢)(sup |gn — 9| + sup|g}).

Then Lip(g,) < sup,, Lip(gm), supx |gn — g| — 0, and supy |g| < oo because ¢ is Lipschitz with
bounded support. This shows lim sup,, Lip(h,) < oco. O

Now, we combine Lemmas [3.1] 3.2] Theorem [3.3] and Lemma [3:4] with an approximation result
for separable spaces that admit a C* N Lip bump, and obtain our most general theorem concerning

. . : 0, . . . .
approximation of VC “ functions by C* N Lip functions in separable spaces.

Theorem 3.5 (Smooth approximation in separable spaces). Let k € N U {oo} and let X be a
separable normed space admitting a C* N Lip bump. Then, the following hold:

f“’O,W( )

(i) CH(X) NLip(X) N CO=(X) " = VT (X),
(ii) CF(X)NLip(X) 0 _ Ve (x).

Proof.

(i) Let f € VCbmall( ) and £ > 0. By Lemma we find an approximation g € Lip(X) so that
IIf— g||Co,w x) S € Now, since g : X — R is a Lipschitz function, and X has a C* N Lip bump, as a
consequence of a result of Hajek and Johanis |13, Corollary 15] (here we use that X is separable),
we find a sequence (g,), of C* N Lip functions converging uniformly to g such that Lip(g,) <
ALip(g), for all n, and for some absolute constant A > 0 that may depend on the space X. Since
obviously the function g and the sequence (gy,),, satisfy all the assumptions of Lemma and hence
limy, ||gn — 9||C'0,w( x) = 0, completing the proof of the inclusion * 5 ”. For the reverse inclusion recall

that the assumption t/w(t) — 0, as t — 0, guarantees that Lip(X) N CO,UJ(X) c Ve ): and
Vcsmall( ) is a closed subspace of Co,w( X).

(ii) Assume that f € VCO’W(X) and let € > 0. According to Theorem we find g € Lip(X) with
bounded support so that || f —gHOO,w(X) < e. Now, let (g5,)n be the sequence we used in part (i) (but

small(

associated with this new g), and then Lemma guarantees a C*NLip approximation with bounded
support (hy,), so that lim, supy |h, — g| = 0 and lim sup,, Lip(h,,) < co. Now, we apply Lemma
to deduce that limy, ||hy — gl|¢o.wx) = 0 as well. Thus we pick some h € (hn)n C C*(X) N Lippg(X)
such that [|g — hl| z0..(x) < € which in turn implies

Hf - h”(jo,w(x) < ||f - 9||C'01w(X) + ||9 - h”co,w(x < 2.

(13 43 b

Thus we have shown the inclusion ”. For the converse inclusion , it is enough to observe
agam (as we did at the end of the proof of Theorem |3.3)) that Llpbs( ) c v “(X) and that

v “(X) is a closed subspace of C%¢(X), again, by Remark
([l

Remark 3.6. Clarifications and remarks concerning Theorem and its proof.
(1) If X is a separable Banach space with an equivalent norm of class C*, then Theorem
applies for X and k. Indeed, denote such an equivalent norm by % : X — R; and we can

assume that ¢ satisfies the inequalities on the line (32). As ¢ € Ck(X \ {0}), and since 1
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is subadditive in X, it is clear that ¢ is 1-Lipschitz (with respect to the original norm || - ||)
on X. If we now pick 6 : R — [0, 1] of class C°° N Lip, with # =1 on (—o0,1/2] and § =0
on [1,+00), it is easy to see that the composition 6 o ¢ defines a C* N Lip bump function
on X. Thus, we are in assumptions of Theorem for X and k.

(2) Let us now recall the smoothness of the canonical, or equivalent, norms of some classical
separable spaces. The canonical norms of the spaces X = ¢, or LP, for 1 < p < oo, have the
following order of smoothness k = k(p) :

o0 if p is even,
k(p)=4qp—1, if p is odd,
lp] . if p is not an integer.

Also, for a compact metric space K which is scattered, let C(K) be the Banach space con-
sisting of real-valued continuous functions on K, equipped with the supremum norm. Then
C(K) admits an equivalent C*°-norm. Recall that a set S is scattered if every nonempty
subset of S contains a (relatively) isolated point. We refer the reader to |8, Theorems V.1.1
and V.1.8] for detailed proofs and statements of these theorems. Then, according to point
(1) above, Theorem applies for X = LP, ¢, with k, as above, and for X = C(K) with
K countable and k = oc.

(3) For X = ¢y, see Section below, Theorem also holds for & = oo, but for this particular
X, we will obtain much more in Theorem below.

(4) In the proof of Theoremwe employed |13} Corollary 15] for our real-valued functions, but
this result holds for target spaces Y = By(V') (real-valued functions f in a topological space
V with f(v) — 0 as v — vy, for some fixed vg € V); or Y = C,(P) (uniformly continuous
bounded functions on a metric space P). Naturally, the particular case Y = R is covered
by these spaces, e.g., when Y = C,(P) for P = {0} C R.

. . . . : 0, .
Now, as a corollary of Theorem we provide C*° N Lip approximation of VC M(X ) functions
for separable Hilbert spaces X. In particular, notice that this extends Theorem [I.0] to infinite
dimensions.

Corollary 3.7. Let X be a separable Hilbert space. Then, the following hold:
CO’W(X) - 0w

(7') C> (X) N Llp(X) Q) COM (X) = VCS;Ilall(X)7
(i) CR(X) NLip(X) ) = ve™(X).

Proof. Both statements (i) and (ii) follow immediately from Theorem since a Hilbert space
always admits a C*°NLip bump. For the sake of completeness, we exhibit an elementary construction
of such a bump.

The function 1 : X — R given by x — (z) = |z|? is of class C°°(X) with the Fréchet
derivative Dy(x) : X — R, at every x € X, given by D¢ (z)(v) = (2z,v) for all v € X. Take a
function 6 : R — [0, 1] of class C*°(R) N Lip(R) with 6(¢) = 1 for all ¢ < 1/2 and 6(t) = 0 for all
t > 1. Then, the map ¢ = 6ot : X — [0,1] is of class C>°(X) with p(x) =1 for all ||z|| < 1/2 and
o(x) =0 for all |z|| > 1. Also, the Fréchet derivative of ¢ satisfies

IDp (@)« = 16/ (v () Xp(o,1) ()22« < 2Lip(6),
showing that ¢ is Lipschitz on X. Therefore, ¢ is a C°° N Lip bump on X. ([l

3.2. Approximation in super-reflexive spaces. Let us now approximate real-valued functions
: 0 : 0 : .
of the classes VC o (X)) and VC (X)) over a super-reflexive Banach space X. We remind that X

small
is super-reflexive if every Banach space Y that is finitely representable into X is reflexive. According
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to Pisier’s renorming theorem [28|, a Banach space X is super-reflexive if and only if X admits a
renorming (which we keep denoting by || -||), an exponent « € (0, 1], and a constant C' > 0 for which

|z 4 AT + ||z — b = 2|27 < C||h||PTe,  for all z,h € X. (35)

See also |4, pp. 412-413] for a proof of this equivalence. This property is often rephrased by saying
that X admits a renorming with modulus of smoothness of power type 1 + «. Since the function
x = P(x) = [|2]|'T is convex and continuous on X, then implies that 1 is of class Ch%(X);
and with HDwHCO,a(XJ(*) Sa.c 1; see |8, Lemma V.3.5].

We remind that a function f : X — R belongs to the class C*(X) if f is Fréchet differentiable at
every point z € X and the Fréchet derivative Df : X — X* is a-Ho6lder continuous on X, namely,

that
D xr _D *
HDf”C.'OvO‘(X,X*) = SuP{” f(Hx)_y”zi(y)” LT,y c X, T 7& y} < 0.

In Hilbert spaces the Lasry—Lions regularization theorem (see [20] or |13} p. 408]) provides uniform
approximation of Lipschitz functions by C*' N Lip functions. Cepedello-Boiso [5, Theorem 1] used
an ingenious variant of the Lasry-Lions technique to obtain uniform approximation of Lipschitz
functions in super-reflexive spaces by C' functions whose derivatives are a-Holder on bounded
subsets, but not globally on X. These approximations are, of course, Lipschitz on bounded sets,
but not globally Lipschitz. However, for our purposes, we need to approximate Lipschitz functions
uniformly by globally C**NLip functions, and we need a good control on the Lipschitz constants of
the approximations. In Theorem [3.8(2) below, we have obtained uniform approximations that are
globally CY* and globally Lipschitz on X, preserving the Lipschitz constants up to a multiplicative
factor depending only on o and X. In the proof, we use a recent result on C* extensions for jets
[3] to construct C1 bump functions with all the properties stated in part (1) of Theorem 3.8, This
is combined with a method of Hajek and Johanis |13, Proposition 1] to glue up a suitable sequence
of these bumps. Both parts (1) and (2) in Theorem are interesting to the theory of smooth

approximation, and also will be essential for the approximation of VCO’W functions.

Let us mention that, after making the first version of this article public, it has come to our
attention that part (2) of Theorem was very recently discovered by Johanis [19] too, by means
of a different proof. A benefit of Johanis’ proof is that it provides the sharp constant x = 1. Since we
only need an absolute control on & for our purposes, and since we consider part (1) of independent
interest as well, we have chosen to include our original proof of Theorem 2).

Theorem 3.8. Let X be a super-reflexive space, let a € (0,1] and C' > 0 be so that a renorming of
|- || of X satisfies . Then, there exists a constant k > 1 depending only on o and C for which
the following hold.
(1) For every set S C X there exists hs : X — [0,1] of class C1*(X) N Lip(X) so that:
hs(xz) =0, for every x € S;
hs(xz) = 1, whenever d(z,S) > 1;
Dhg(xz) =0, for everyx € SU{y € X : d(y,S) > 1}; and

(2) Given an L-Lipschitz function g : X — R and ¢ > 0, there exists h € CY*(X) so that h is
kL-Lipschitz, and supy |g — h| < €.

Proof of Theorem[5.8.
(1) In the cases S = @ or {d(-,S) > 1} = @, we simply take hg =1 in the first case, and hg =0 in
the latter. Assume from now on that both sets are nonempty. On the set

E=SU{reX :d(z,S)>1},
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we define a 1-jet (f,G) : E — R x X* by setting
f(z)y=0, if z€s5; flz)y=1, if d(z,S)>1,; G(z)=0, forall ze€F.

By separating into cases, it is immediate to verify the existence of M = M («) > 0 for which

FW)+ G =) - 1) = G —2) < T (lo =yl + o — 2[2),

for all y,z € E, z € X; indeed, G(y) = G(z) = 0 is the zero functional, and for f(y) — f(z), by
symmetry, it is enough to verify the case y € S and d(z,S5) > 1 and = € X arbitrary, but this case
is clear by inspection, since
M
F) = @ =1<ly =2l < lly = 2™ < oIl = ol + o — 2" *).
Thus, applying [3, Theorem 4.1], there exists a constant ko = ko(a, C'), and a function F': X — R
of class C1'®, bounded and Lipschitz, with

| Flloc + Lip(F) + | DF | ¢y x+) < 50M =t A1, (36)

and so that ' = f and DF = G = 0 on E. Although |3, Theorem 4.1| is formulated for Hilbert
spaces, it generalizes immediately to super-reflexive Banach spaces satisfying property (35)), as
pointed out in [3, Remark 4.7]; see also |3, Theorem 1.9]. Let us examine the extension formula
F, since we need some of its properties. At the same time, for the reader’s convenience, we sketch
some of the key steps in the proof of [3, Theorem 4.1|. With M as above,

M
M* 1= max {3 Glloo)s 7 b
max {3([|llee + 1Glloo), 7 o
and the functions m,g: X — R by

m(e) = masx { = 2(|flleo + |Gl sup { £(2) + Gz} = 2) = Ml = 2P}

g(a) = min {2(|flls + [Gll). inf {7(0) + )@ = y) + Ml g+ } .

For a suitable number A (depending only on « and C), F is defined to be the AM*t*% strongly
paraconver envelope of g, that is,

F(x) := sup{h(z) : his AM*t'**strongly paraconvex, and h < g on X}, z € X.
As defined in |3], a function h : 1) — R is Lt!T%strongly paraconvex, for L > 0, if
P+ (1= M) = Mp(u) — (1 = N(v) < ML= N L|lu—o||'T®, w,ve X, Xe0,1].

By the comment just after formula (35), the function u — ¥ (u) := —|ul|*** is C**, and their
Fréchet derivative D1 satisfies || Dv|| z0.q (x.x < B (v, €). Thus, using the Fundamental Theorem of

Calculus and some elementary computations, 1 is At'+t®-strongly paraconvex for some A = A(a, C);
see the argument near the end of [3, the proof of Lemma 3.6]. It turns out that then both m and
(—g) are AM*t*-strongly paraconvex. Also, m < g on X, and these properties permit to prove the
regularity I € C1*(X), along with and that (F, DF') = (f,G) on E. See |3, Theorems 1.9 and
4.1] for further explanations and details of these concepts and their proofs. Now, by the definition
of F, the pointwise relation
m(x) < F(z) < g(z), =€ X,

holds true. Since G = 0 and ||f|| = 1, the definition of m and ¢ and this estimate imply that
—2 < F <2on X. It only remains to slightly modify F' so that the final function hg takes values
in [0, 1].

To do so, we pick a bump 6 : R — [0,1] of class C®°(R) N C1*(R) N Lip(R) with (¢) = 0 for
t <0andt>2 and §(1) = 1. Define hg := 0o F : X — [0,1]. It is immediate that hg(xz) = 0
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for every © € S, hg(z) = 1 if d(x,S) > 1, and that Dhg = 0 on E. Since F is kj-Lipschitz,
hs is Lip(0)r1-Lipschitz. Finally, using the facts that Lip(F) + [[DF||z0.a(x x+) < #1 and that
Lip(0) + HG’HC,O,Q(R) < ¢(a) for some c(a) > 0, it is an easy exercise to verify that

1DRs o xo) < 16l ey LiD(F) + Lin(@)| DF o x) < Rl 1):
Therefore, we can find xk = k(«, C) for which hg satisfies all the properties stated in (1).

(2) Let g : X — R be L-Lipschitz, and € > 0. We will now apply part (1) for a suitable sequence
of sets to obtain the desired approximation. In order to do so, we use the same construction as in
|13, Proposition 1|, replacing the C'-separating functions from there with those we just obtained in
part (1).

Define g(z) = ¢ tg(ex/L), for all x € X, and note that g is 1-Lipschitz. Now, we define the
set S, = {z € X : g(z) > n}, for each integer n € Z. Note that S,11 C Sp, and also, because
g is 1-Lipschitz, one has that d(X \ S, Sp+1) > 1 for every n € Z. Now, for each subset Sy, let
hs, : X — [0,1] be the function from (1). Define now h, =1 — hg,,, for every n, and also

o) -1
W)= ho(x)+ Y (ha(x) = 1), z€X.
n=0 n=-—00
Each h,, is C! and k-Lipschitz, h, = 1 on S,11, and h,(x) = 0 if d(x,S,11) > 1. As proven in
[13, Proposition 1], h : X — R is a well-defined x-Lipschitz and C! function, with supy |h — g| < 1.
Moreover, the sums defining h are locally finite, meaning that for every x € X, there exists N, € N,
and a ball B(z,r;) so that

max{|m|,Nz} -1
hz)= > ha(2)+ > (hn(2) = 1), z€ B(z,12), m € Z. (37)
n=0 n=—max{|m|,Ng}

The relation will allow us to differentiate the sums defining h term by term locally around
every ¢ € X.
Let us now prove that h € C1¥(X) with ||Dh||c'vo,a(x x+) < 2k. Recalling that by definition

Dhg, ., (x) = 0 whenever z € Sy,y1 U{z € X : d(x,Sp11) > 1}, it is immediate from the definition
hp =1 — hs, ., that

Dhp, =0 on SppiU{zreX :d(z, Snt1) =1}, neZ.

Note that this implies Dh,, = 0 on X \ S,,, as d(X \ Sy, Sn+1) = 1. These observations together
with the continuity of Dh,, give

Dh, =0 on S,11UX\S, nezZ. (38)

Also, we claim that
Dh(xz) = Dhy,(x), whenever x € Sy, \ Spy1, m € Z. (39)

Indeed, let = € S, \ Sp41. For those n > m + 1, we have x ¢ S,, and thus Dh,(z) = 0, e.g., by
virtue of . And for those n < m — 1, we have z € S, 11 and so Dhy(x) = 0. In other words,
Dhy(x) = 0 for n # m. It then follows by and evaluating at z € Sy, \ Sy,41 that

max{|m|,Nz } —1
Dh(z)= > Dhy(x)+ > Dhy(2) = Dhp(2).
n=0 n=—max{|m|,Ng}

This proves the claim (39).
Now given z,y € X, let m € Z and | € NU{0} be so that € Sy, \ Sm+1 and y € Syt \ Simtit1,
and we show the a-Hélder estimate for ||[Dh(x) — Dh(y)||«.
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In the case | = 0, we have z,y € Sy, \ Spm+1, and so it suffices to apply and the fact that
|’Dhm|’007a(X7X*) < K.

Assume now [ > 1. By the connectedness of [z, y] and x & S,,,+; and y € S,,,1;, the segment [z, y]
must intersect the boundary of Sy, ;. Let z € [z, y] NSy N X \ Spyy. In particular, z € X \ Sy,
and by (38)), this implies Dh,,4;(z) = 0. Also, observe that y € Sy, 11 C Spmt1, and so Dh,,(y) =0,
again by. Using first (39), then DA, (y) = Dhyyqi(z) = 0, and finally that ||Dhan"0,c«(X7)(*) <K
for all n € Z, we conclude that

1Dh(z) = Dh(y)l[« = [[Dhum () = Dhuma(y)]]«
< |Dhm(2) = Dhin ()|« + [ Dhiny1(2) = Dhinga(y)l]«
<k ([l —yl* +llz = ylI*) < 2k[lz -y

By symmetry, we can swap the roles ofN:z: and y, and thus we have shown that h € Ch*(X).
Finally, rescaling the function h by h(z) = eh(xL/e) and noting that g(x) = eg(xL/e), we see

that 2 € CY(X) with supy |h — g| < € and Lip(h) < LLip(h) < L. O
We will use the following elementary fact.

Remark 3.9. If U,V are normed spaces, and ¢ : U — V is Lipschitz and bounded, then 9 is
a-Holder for every a € (0,1].

A consequence of Theorem in combination with our results from previous sections, is the

:~0 . . . .
following C N Lip approximation of VC “ functions in super-reflexive spaces. Note that, unlike
in Theorem [3.5] X may be nonseparable.

Theorem 3.10 (Approximation in super-reflexive spaces). Let X be a super-reflexive space, and
let « € (0,1] and C > 0 be so that a renorming of || - || of X satisfies (35)). Then the following hold:
COw(X)

(i) C1e(X) N Lip(X) N CO#(X) — Vo (X),

————C%(X) .0
(ii) Cypi(X) = VO (X).
Notice that the modulus w is independent of a.. Also, the approximations in part (ii) are Lipschitz.
Indeed, as the derivative is a-Hoélder and boundedly supported, it is in particular bounded and this
implies that the function is Lipschitz.

Proof.

(i) Let f € VCSI’:aH(X ) and € > 0. Applying Lemma we can find a function g € Lip(X) so
that ||f — 9||C*0vw(X) < e. Now, by Theorem (2), there is a sequence (g,) of Lip(X) N CH¥(X)
functions with sup,, Lip(gn) < xLip(g), and lim, supy |g — gn| = 0. Therefore Lemma yields
that limy, || gn, — g”C'OvW(X) = 0, and taking some g,, from the sequence with ||g,, — gHC.’O»W()‘{) <eg, we
conclude the inclusion “ O ” of (i). The reverse inclusion follows by noting that Lip(X)NC%(X) C
VCgr’::aH(X ), by the condition (3)), and that VCOaH(X ) is a closed subspace of C%(X).

(ii) Let f € VCO’W(X) and £ > 0. By Theorem [3.3| we find ¢g € Lip(X) with bounded support so that
IIf— QHOOM(X) < e. With R > 0 so that g(z) = 0 for ||z|| > R, we use Theorem (1) to obtain a
Lip(X) N CH*(X) function ¢ : X — [0,1] with ¢ = 1 on B(0,2R) and ¢ = 0 on X \ B(0,2R + 1).
If (gn)n is the approximating function for g from part (i), we define h, = ¢g,. Obviously each
h, € CY(X) and also has bounded support, and moreover the properties ||h, — g|lcc — 0 and
lim sup,, Lip(hy) < oo hold and are checked exactly as in the proof of Lemma see the line (34]).
So, it only remains to verify that h, has a-Hdlder derivative, at least, for n large enough. Write,

Dhp(z) = gn(z)Dp(x) + ¢(x) Dgn(z)
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and let us prove that both terms define an a-Hdolder function.

For the first function  — g, (2) Dy(x), let us observe that, for n large enough, one has supx |gn| <
1+supy |9, as g, converges uniformly on X to g. Hence, by Remark gn is a-Holder continuous
on X. Then, we write

lgn(2) Dep() = gn(2) Dp(2) ][«
< |gn(@)[[[Dp(x) = Dep(2) [+ + |gn(2) = gn(2)[[|1Dep(2) ]«
< SUP [gn[ 1Dl o x xo 12 = 2% + lgnll o (x mll2 = 2 sup [ Do)

All the factors that multiply the term ||z — z||* are finite by the properties of ¢ and g,.

As concerns the second function z — ¢(x)Dgy(x), its a-Holder continuity is verified in a very
similar way, this time using Remark for ¢ and that Dg, is bounded (as g, is Lipschitz) and
a-Hélder continuous.

We conclude that (h,)n, — g uniformly, with (hy,), € C’ééa(X) and limsup,, Lip(h,) < oco. By
Lemma we have | hy, — QHCOM(X) — 0 as well. Therefore, we can find h € C’ééa(X) with
|lh — g”C'va(X) < g, and thus ||h — fHCO,w(X) < 2e.

) ——— (0w

We have shown the inclusion VC (X) cC C]j‘);a (X) . For the reverse inclusion, observe that
if fe Cééa(X), then Df : X — X* is a-Hdélder and with bounded support, and so D f is bounded
in X. Because Lipschitz functions with bounded support are contained in VCO’w (X)), which is closed
under limits with respect to the C%“(X) seminorm, the reverse inclusion holds. O

Remark 3.11. We exhibit some examples of classical spaces that are covered by Theorem [3.10]

(1) If X = LP, for 1 < p < oo, then holds for a;, = p — 1 when p < 2 and for oy, = 1 when
p > 2; for a proof see |8, Corollary V.1.2|. By Theorem this gives rise to approximations
of VCSI’:;H(X) and VCO’w(X) by Lipschitz functions of class C1%7(X).

(2) If X is a Hilbert space (separable or not), then (35) holds as an identity for & = 1 and

C = 2 (the parallelogram law), and so Theorem gives C'b! approximations:
C0(X)

(i) VO2¥ (X)) = CL(X) N Lip(X) N C%(X) ,
o\ 0w T O 0
(i) VC (X)) =, (X) .

3.3. Approximation of Banach-valued mappings from c¢y. For an arbitrary set of indices A,
the space cy(.A) consists of those elements © = (24)aca € RA such that for every e > 0, there exists
a finite subset S = S, C A so that |z,| < &, whenever a € A\ S. We equip ¢¢(A) with the norm
|(Za)aecAlloo := SUPyea |Ta| and this results in a Banach space.

Given z = (24)aca and a € A, we denote the projection (z)g = ((za)aca)s := 25 € R; and for
every finite subset S C A, we denote

Ps : co(A) = coo(A), Pg(z) = Z Taa,
a€gs
where e, is the element of ¢o(A) that satisfies (eq)s = dq,8, for every g € A.
Theorem 3.12 (Approximation in ¢y(A)). For an arbitrary set of indices A, let X = co(A), and

let Y be a Banach space. Then, the following hold:
CO¥(X,Y)

. : O,w - Ow
(Z) Ce° (X7 Y) N Vcsmall(Xa Y) = Vcsmall(X’ Y)a

CO(X,Y)

= vc™(x,Y).
25
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Moreover, in the particular case Y = R, the approximation can be taken to be Lipschitz:

- COw (X . O
(i) C=(X) NLip(X) N Co=(x) " = Vel (x),
A0,w . w
(i) CR(X) NLip(X) ) = ve™(X).

One step in our proof of Theorem will rely on the construction by Hajek and Johanis
[12, Theorem 1] (stated for Lipschitz functions), to obtain the C*® approximation on ¢ (A). However,

the verification C% convergence after our VCSI’;;H condition will require more work.
Following |12] we first construct an approximation that locally depends only on a finite number
of coordinates.
0,w

Lemma 3.13. Let f € VCg . (X,Y) and e > 0. Then, there exists g € VCSI’:aH(X,Y) and r >0
so that ||g — f”CO»W(X y) <&, and for every x € X, there exists a finite subset S = S, of A for which
9(z) = g(Ps(2)), whenever z € B(z,r).

Moreover, if f has bounded support (resp. Lipschitz), then the above g has bounded supported
(resp. Lipschitz) too.
Proof. Let f € VCSI’;;H(X, Y) and € > 0, let § > 0 be so that

M@ = 1@y e "
lu—vlj<s  w(|lu—l) 2

By w(0) =0, we find 7 > 0 so that 2w(r)||f||c-0,w(ij) < ew(d). Let us define

t+r if < —r,
¢:R—=R, o(t) = 0 if —r<t<n,
t—r if t>r,
and
b:X X, Ba) = ((Ta)aca) = (9(7a))ack
As clearly ¢ is 1-Lipschitz, it is immediate that ¢ is 1-Lipschitz. Also, it is immediate that ||f — f o
oy < w(r)||f|]¢0,w(x’y). Defining g := f o ¢, we have g € VC(S)I;T&H(X, Y'), by virtue of Lemma
If z,z € X are such that ||z — z|| <, then [|¢(z) — ¢(2)|| < 0 and so

lg(z) = 9(2)lly = [[f(o(x)) = f(o(2)lly < gw(Hé(x) —¢(2)|) <

This estimate, in combination with , yields,
[(f=9)(@)—(f -9y _ ¢
fo—sl<s w(llz~ 2I) <3

On the other hand, the choice of r permits to estimate by

wp W =9@ =T =9@ly _ 2f = gloo _ 2O leowcer) _
lz—z]|>6 w(llz — =) T ow(d) T w(d) B
We have shown that || f — gHC,O,w(va) <e.

Now, if z € X = ¢9(A), then (by definition) there exists a finite subset S = S, such that if
a € A\ S, then |z,| < r/2. Then, for z € B(z,r/2) and for each a € A\ S it follows that
|za| < r, implying that ¢(z,) = 0. It follows for z € B(z,r/2) that ¢(z) = ¢(Ps(z)) and hence that
9(z) = g(Ps(2)).

For the second part, suppose there exists R > 0 so that f(z) =0 for all ||z|| > R. If ||z|| > R+,
then |zq,| > R + r for some o € A. Consequently

[6(2) || = sup [¢(2a)] = |©(2ag)| = |2a0| =7 = R,
acA
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and thus ¢g(z) = f(¢(z)) = 0. Finally, if f is Lipschitz, then clearly g = f o ¢ is Lipschitz.
O

Proof of Theorem[3.179. In the proof of part (i), by Lemma [3.13] given a fixed r > 0, it is enough

to approximate functions g € VCsmaH(X ,Y) with the property that for every z € X, there exists
finite S, C A such that g(z) = g(Ps,(2)), for all z € B(z,2r).
Given ¢, let § > 0 be so that

lg(u) = g(@)lly < ew(llu—wvl]), whenever [lu—wv| <56. (41)

Moreover, for 0 < 7 < min(r, €) small enough (more precisely, so that w(n) < ew(d)/(1+]gl 0w ),
let 8 : R — R be an even C*° smooth non-negative function such that fRH =1and § = 0 on
R\ [-7,n]. For every finite set F' C A, and = € X, we define the Bochner integral

hp(z) == /[_n " (x - Z taea> I 6(ta) N (1) (42)

acF

where Ap| is the Lebesgue measure on RIFl. That the integral hp(x) is well-defined for every
z € X can be justified with the same arguments we used in the proof of Theorem [I.6] Namely, if
Q := [-n,n)/¥!, the function

Q3t— o.(t) = g(:c -> taea> IT ¢t

acF a€F

is uniformly continuous @ — Y, by the compactness of ) and the continuity of the functions g
and 6. For each y* € Y*, the mapping @Q — R given by Q > t — y*(0,(t)) is continuous, and thus
A|p|-measurable over Q. By continuity of o, the image 0,(Q) is compact, and so span(o,(Q)) is
separable. By [4, Proposition 5.1], this shows the measurability of o, in Q. Also, by [4, Proposition
5.2| o, is Bochner integrable if fQ oz (t)]ly dAp|(t) < oo, which is true because 6 is a test function,

and g, being in C%¥(X,Y), is bounded on bounded sets.
Because ¢(z) = g(Ps,(z)) for all z € B(z,2r), the fact that n < r implies that hg, = hg, o Ps,
on the ball B(x,r). Therefore

hs,(z) = /[_mﬂsw ( Z taea> H 0(ta) dN g, (1), 2z € B(z,7).

aGST QESQ:

Since g € CO¥(X,Y) and Ps, is 1-Lipschitz, the function z — (g o Ps,)(z) belongs to CO¥(X,Y),
implying that z — (g o Pg, )(z) is uniformly continuous on X. Therefore, by the previous formula,
B(z,r) > z — hg,(2) is a finite dimensional smooth mollification (in the Bochner sense) with a
uniformly continuous mapping. As we explained in the proof of Theorem this guarantees that
hs, € C®(B(z,r),Y). Moreover, using Fubini’s theorem, one can easily check that if F C A is
finite and F D S, then also hp = hg, on B(x,r). This enables us to define the desired mapping
h: X — Y in the following manner. Given x € X, let S, C A be the subset described above, and
define h(zx) := hg,(z). Moreover, ordering the collection of finite subsets F(A) of A by inclusion,
the pointwise limit of the net {hs}gecr(4) is exactly h.

Now, for every fixed ball B(z,r) and z € B(z,r), let F' = S, US,. By the definition of h and the
above mentioned properties, we derive

h(z) = hg,(2) = hp(z) = hg,(2).

Since z — hg, (z) is of class C*°(B(z,7),Y’), the above yields h € C*°(X,Y’). All these properties
were stated and proved in [12, Lemma 6].
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We next show that h € VCbmaH( Y). Given any two points z,z € X, let S;,S, C A be the
finite subsets associated with z and z, and set S = S, U S,. Since h(x) = hg(x) and h(z) = hg(z)
we have

o)~ )y =) | (50 = 3 tace) o6~ S tae)) T ) s 0],
(=]l Ses
S/ g(x—Ztaea) —g(z—Ztaea)
[—W,U]IS‘ a€ES aesS

< sup  lg(w) = g(v)lly,
u,veX,
[u—v]=llz—=|
bearing in mind that f[—n a]lS) [Tocs 0(ta) dNg(t) = 1. It follows immediately from the bound
that HhHCO’W()QY) < ||g||c~0,w(ny) and h € VCS;;;H(X, Y). Now if ||z — z|| < 6, then together (43)
and give
(g = h)(x) = (9 = h)(2)lly < llg(z) — g(2)lly + [[h(z) — h(2)lly < 2ew(]lz - z]).
Hence to verify |lg — hll qo.w(x vy < 2€, it remains to check the case ||z — z[| = 4. To do so, let us see
that supy ||g — h|| < ew(d). Indeed, if x € X and S = S, then again h(x) = hg,(z), and we obtain

@) =g@ly < | oz =D taea) ~ o], T #tt2) a0
—'h a€csS

<llenworyy [ w(| 3 taca])) TT 01ta) drs @
[—Wi]‘s' a€esS a€eS

< gl oy () < w(3),

where we chose 7 small enough in the beginning of the proof for the last bound to hold. Now, if
x,z € X are such that ||z — z|| > ¢, then

g =h)(@) = (g =h)(2)]| < 2sup lg = Al < 2ew(6) < 2ew((lx — z])-

| T 06 ang @ (43)

a€es

We conclude that ||g — hHCO’W(X yy < 2¢ and complete the proof of Theorem (1)

For part (ii), given f € V.CO’M(X, Y'), by Theorem we approximate f, in the C’O’”(X, Y)-
seminorm by a g € VCsmall(X ,Y) with bounded support. By Lemma we can assume that for
every € X there exists a finite S = S, such that g = g o Ps on B(z,r), and for a uniform fixed
r > 0. Let us next check that the approximation h from part (i) has bounded support. Let R > 0
be so that g is zero on X \ B(0, R). Assume that ||z| > R+ 7. There exists a finite set S = S, C A
so that h(x) = hg(z). Now, for t = (ta)aecs € [-1,7]'%!, there holds that

‘ x— Ztaea > |lz|| — H Ztaea
acs a€esS
h(z) = hg(x) = /[_nm]S| <a: - Z t ea> H 0(ta) d\jg|(t) = 0.

a€esS

> |zl =n =R

and thus

The proof of Theorem [3.12[(ii) is now complete.

Flnally, in the particular case Y = R, let us establish the desired Lipschitz approximations. Let
fe VCsmaH( ) be the function to be approximated. By Theorem we can assume that f is
Lipschitz, and by Lemma there is a Lipschitz approximation g of f, with g locally depending

only on a finite number of coordinates around each ball of fixed radius r > 0. Repeating the
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construction of h € C*°(X, ), we immediately see from the estimate (43)), that h is Lipschitz, and
0
~ 1(X), by the

small

in fact Lip(h) < Lip(g). Because any Lipschitz mapping in C%*(X) belongs to VC
condition (3)), the identity in (i) now follows at once.

As for approximation of an f € VCO’W(X ), we apply Theorem to reduce matters to f €
Lipp¢(X). Then the function g of Lemma can be taken Lipschitz and with bounded support, and
so can the function h we constructed in (i) and (ii) of the present theorem. Thus h € Cp(X)NLip(X)
approximates f in the C’O’”(X ) seminorm. Because any Lipschitz mapping with bounded support
belongs to v (X), the identity in (ii) now follows at once.

O

For the particular case of A = {1,...,n}, ¢o(A) becomes R"™ with the supremum norm, which is
of course equivalent with the usual Euclidean setting. In R™ functions with bounded support have
compact support and thus Theorem has the following consequence.

Corollary 3.14. Let Y be an arbitrary Banach space. Then:

0w (Rn7y)

(i) C=(R",Y)NCO%(R,Y) = VXY (R Y),
_  _Mw(pn . w
(i) C2®n, Y)Y e e, v,

APPENDIX A. COMPARISON OF C'v(),w AND UNIFORM CONVERGENCE

We begin with a remark concerning the two types of convergences we are dealing with. We will
refer to the norm ||| - |[|co.(x,y) defined in (1)).

Remark A.1. Let X and Y be normed spaces and w any modulus of continuity. Suppose that a
sequence of functions (f,)n, C C%¥(X,Y) converges to f, with respect to the norm ||| - [lcowx,y)-
Then also f;, — f uniformly on bounded subsets of X.

Indeed, let B a bounded subset of X with 0 € B. Given ¢ > 0, let N be so that |||f, —
flllcow(x,yy < /(1 +w(diam(B))) for all n > N. Then, for those n > N, and x € B, we can write

[f (@) = fa()] < [£(0) = fu(O)] + [(f = fo)(z) = (f = fu)(0)]
< (Tt wllz Mfn = flllcowxyy < (1 +w(diam(B)) [[[fo = flllcowxy) < e

However, the convergence in C%* does not imply global uniform convergence, even if we assume
that the pertinent sequence of functions is globally uniformly bounded, as the next example shows.

Example A.2. Let w be of the form w(t) = t*, with 0 < a < 1. Define f,, : R — R as the continuous
function given by f, = 0 on (—o0,0] U [2n, +00), fn(n) =1, and f, affine on both [0,7n] and [n, 2n].
It is immediate that || fn]lc < 1 for all n, and that (f,), does not converge to 0 uniformly on R.
However, one has f,, — 0 in the C"O*’J(R) sense. This easily follows after observing that

| fn(t) = fn(s)] |fn(t) = fu(s)] 1 t—s 1

sup ————>= sup — ———" = sup — = —.
n<s<t<an  W(|t — s|) o<s<t<n  W([t —3]|) 0<s<t<n M (t —8)*  no

Finally, we next show that the converse to Remark is false, by providing a sequence (fy)n C
C% and f € C% so that f, converges uniformly on R, and f, does not converge to f in the
| - | 0. norm on bounded subsets.
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Example A.3. Define f =0 on R and the continuous functions f, : R — [0, 1] given by

1/y/n, t=0,

_J affine, t €[0,1/n],
falt) = 0, t>1/n,
fn(—t), t <0.

Then sup;cg | fn(t)| = 1/v/n, yielding || fn — flloc — 0. Also, each f, is \/n-Lipschitz:

5,000~ (U] _ Ui _
|0 —1/n]  1/n =Vn.

Because f, is bounded, then f,, € C%“(R) for all moduli w that satisfy lim;_,ot/w(t) < co.
However, if w(t) = t* with o € (1/2, 1], then lim, || f, — fHCO»W([o 1)) = 00, since

(1
2]
3l
(4]
]
(6]
(7]
18]

(9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]

[18]
[19]

. . fn 0 _fn 1/n . a—1L
hTan an - f”C'O,w([Q”) > hTan | u(}(|)0 — 1/(n|/) )| = hTILnn 2 = 0Q.
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