APPROXIMATION OF LIPSCHITZ FUNCTIONS PRESERVING BOUNDARY
VALUES

ROBERT DEVILLE AND CARLOS MUDARRA

ABSTRACT. Given an open subset © of a Banach space and a Lipschitz function ug : Q@ — R, we
study whether it is possible to approximate uo uniformly on € by C*-smooth Lipschitz functions which
coincide with ug on the boundary 052 of €2 and have the same Lipschitz constant as ug. As a consequence,
we show that every 1-Lipschitz function uo : @ — R, defined on the closure Q of an open subset ©
of a finite dimensional normed space of dimension n > 2, and such that the Lipschitz constant of the
restriction of up to the boundary of € is less than 1, can be uniformly approximated by differentiable
1-Lipschitz functions w which coincide with ug on 9Q and satisfy the equation ||[Dwl|« = 1 almost
everywhere on (). This result does not hold in general without assumption on the restriction of uo to
the boundary of €.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, for every metric space (F,d) and every function f : F — R, we will denote
the Lipschitz constant of f on E by Lip(f, E), that is,

Lip(f,E) :=inf{L >0 : |f(z) — f(y)| < Ld(z,y) forall z,ye€ E}.

Also, if A > 0, we will say that f : E — R is A-Lipschitz on E whenever |f(z) — f(y)| < Ad(z,y) for
every z,y € E. We will denote by B(zg,r) the closed ball centered at xy and with radius r > 0 with
respect to the metric on E. Finally, for any Banach space X with norm || - ||, the dual norm on X*
will be denoted by || - ||.

In this paper we deal with the following problem.

Problem 1.1. Let X be a Banach space, let ug : Q — R be a Lipschitz function defined on the closure
of an open subset () of X and let k € NU {o0}. Given € > 0, does there ezist a function v:Q — R of
class C*(Q) with Lip(v, Q) < Lip(ug, ), v = ug on 9 and |ug —v| < e on Q ?

In finite dimensional spaces, the integral convolution with mollifiers provides uniform approximation
by C'°° functions preserving the Lipschitz constant of the function to be approximated. However this
approximation does not necessarily preserve the value of ug on 9€2. On the other hand, it was proved
in [4, Theorem 2.2] an approximation theorem for locally Lipschitz functions defined on open subsets
of R™ which implies that for any continuous function ¢ : Q@ — (0,400), and any locally Lipschitz
function ug there exists a function v of class C*° satisfying (among other properties) that

lup(x) —v(x)] < d(x) and |Dv(z)| < Lip(ug, B(z,d6(x)) N Q) +d(z), =€ Q.

Using the above result with 6(x) = min{e, dist(x, 9Q)} we get a smooth Lipschitz approximation v of
ug that extends continuously to €2 by setting v = ug on 0f2. The function v has Lipschitz constant
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arbitrarily close to Lip(ug, ), but bigger than Lip(ug,2) in general. Thus this does not yield any
answer to Problem [L1]

In the infinite dimensional case, it was proved in [2, Theorem 1] that any Lipschitz function defined on
an open subset ) of a separable Hilbert space (or even a separable infinite dimensional Riemannian
manifold) can be approximated in the C%-fine topology by C® functions whose Lipschitz constant can
be taken to be arbitrarily close to the Lipschitz constant of ug, i.e., for any given continuous function
d:Q — (0,+00) and r > 0, there exists v of class C* such that

lup(z) —v(z)] < d(x), z€Q and Lip(v,Q) < Lip(ug,Q) + 7.

One can find in [3} @, IT] some results on approximation of Lipschitz functions by C*-smooth Lipschitz
functions in more general Banach spaces. In these results, the approximating function preserves the
Lipschitz constant of the original function up to a factor Cy > 1, which only depends on the space
and is bigger than 1 in general.

In this paper we show that the answer to Problem depends on the relation between Lip(ug, 9)

and Lip(ug, Q). Let us now state our main results in this direction.

Theorem 1.2. Let X be a finite dimensional normed space, or a separable Hilbert space or the space
co(T), for an arbitrary set of indices T'. Let Q be an open subset of X and let ug : @ — R be a Lipschitz
function such that Lip(ug,99Q) < Lip(ug, Q). Given € > 0, there exists a function v : Q — R such that
v is of class C(Q), v is Lipschitz on Q with Lip(v, Q) < Lip(ug, Q), v = ug on 92 and |ug —v| < ¢
on €.

For non-separable Hilbert spaces, we have the following.

Theorem 1.3. Let X be a Hilbert space. Let € be an open subset of X and let ug : Q@ — R be a
Lipschitz function such that Lip(ug, 9Q) < Lip(ug, Q). Given ¢ > 0, there exists a function v : Q — R
such that v is of class C*(Q), v is Lipschitz on Q with Lip(v,Q) < Lip(uo, ), v = ug on 9Q and
lug — v| < & on Q.

Theorems and 1.3 gives a positive answer to Problem for the C1(Q) or C*°(Q) class, when
Lip(ug, 0Q) < Lip(ug,$2), in certain Banach spaces. These theorems will be proved by combining
approximation techniques in the pertinent space with the following result.

Theorem 1.4. Let k € NU{oo} and let X be a Banach space with the property that for every Lipschitz
function f: X — R and every n > 0, there exists a function g : X — R of class C*(X) such that
|f =gl <n on X and Lip(g, B(zo,7)) < Lip(f, B(zo,7 +n)) +n for every ball B(zg,r) C X. Then,

if Q is an open subset of X, ug : Q — R is a Lipschitz function such that Lip(ug, 0S2) < Lip(uo,{2)

and € > 0, there exists a function v : Q — R such that v is of class Ck(Q), v is Lipschitz on Q with
Lip(v, Q) < Lip(uo, ), v =ug on 02 and |ug —v| < e on Q.

In Section [5, we will see an example on R? with the ¢ norm showing that Problem has a negative
answer (even for the class of functions which are merely differentiable on ) if we allow Lip(ug, 0€2) =
Lip(uo, Q). Therefore, one can say that Theorem is optimal (in the sense of Problem , at least
in the setting of finite dimensional normed spaces.

We now consider a subproblem of Problem when X is a finite dimensional normed space.

Problem 1.5. Let (X, | -||) be a finite dimensional normed space with dim(X) > 2 and let ug : Q@ — R
be a 1-Lipschitz function defined on the closure of an open subset Q0 of X. Given € > 0, does there

exist a 1-Lipschitz function w : @ — R such that w is differentiable on Q with [[Dwl|, = 1 almost
everywhere on Q, w = ug on 0Q and |ug —w| < e on Q) ?
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Observe that if w = up on 0N and Lip(ug, 092) < 1, then the Mean Value Theorem yields the existence
of x € Q such that ||[Dw(z)||« < 1. Therefore the function w (if it exists) has no continuous derivative
in this case.

The following theorem gives a positive answer to Problem when Lip(ug, 092) < 1.

Theorem 1.6. Let  be an open subset of a finite dimensional normed space (X, ||-||) with dim(X) > 2.
Let ug : Q — R be a 1-Lipschitz function such that Lip(ug,dQ) < 1. Given ¢ > 0, there exists a
differentiable 1-Lipschitz function w :  — R such that ||[Dwl||« = 1 almost everywhere on Q, w = ug
on 9N and lug — w| < e on Q.

In Section |5, we prove, using the theory of absolutely minimizing Lipschitz extensions, that if (2 is an
open subset in a 2-dimensional euclidean space and if ug : 92 — R is a 1-Lipschitz function, then there
exists a differentiable 1-Lipschitz function w : £ — R such that |[Dw||. = 1 almost everywhere on {2
and w = ug on 9. However, Example[5.2]in Section [5] shows that the above theorem is optimal in the
sense of Problem Observe that Theorem [I.6] covers the case of homogeneous Dirichlet conditions.
Also, we notice that the above theorem does not hold when X = R. Indeed, if ug : [0,1] — R is
1-Lipschitz and differentiable on (0, 1), with |ug(1) — up(0)| < 1, then a result of A. Denjoy [5] tells
us that either {z : |ug(z)| < 1} is empty or else it has positive Lebesgue measure. But this subset is
nonempty by the Mean Value Theorem.

The contents of the paper are as follows. In Section [2], we show that in general metric spaces, one can
approximate a Lipschitz function ug by a function which coincides with ug on a given subset and has,
on bounded subsets, better Lipschitz constants. In Section |3 we will give the proof of Theorems 1.4
and [1.3| with the decisive help of the above result. In Section ] we use Theorem [I.2)and the results
in [7] to prove Theorem Finally, in Section |5, we consider the case Lip(ug,d92) = Lip(ug, Q) :
although a partial positive result in the euclidean setting can be obtained, we show that Problem
does not always have a positive answer in this limiting case.

2. APPROXIMATION BY FUNCTIONS WITH SMALLER LIPSCHITZ CONSTANTS

Throughout this section, all the sets involved are considered to be subsets of a metric space (X, d) and
all the Lipschitz constants are taken with respect to the distance d. The following result will be very
useful in Section [3| and it is interesting in itself.

Theorem 2.1. Let E and F' be two nonempty closed sets such that I C E, let ug : £ — R be a
K -Lipschitz function such that Ao := Lip(ug, F') < K. Given € > 0, there exists a function u: E — R
such that |[u—up| < e on E, u =wug on F and u has the property that Lip(u, B) < K for every bounded
subset B of E.

A crucial step for proving the above theorem is the following lemma. For any two nonempty subsets
A and B of X and for any x € X, we will denote

dist(z, B) := inf{d(z,y) : y € B},
dist(A, B) :=inf{d(z,y) :x € A, y € B} and diam(A) :=sup{d(z,y) : =,y € A}.
Lemma 2.2. Let E and F be two nonempty closed subsets such that F C E and E \ F is bounded.
Let ug : E — R be a 1-Lipschitz function, let u, : F' — R be p-Lipschitz, with p < 1, let 6 > 0 and

assume that |u, —uo| < 6 on F. For every p < XA < 1, there exists a function uy : E — R such that uy
is A-Lipschitz on E with uy = w, on F and |ug — uy| < 6 + (A, u, E, F) on E; where
1-A —_ —_
“O\ i B, F) = = (A + 1) (diam(E VF) + dist(E\ F, F)) >0
—p

and e(\, u, E, F) = 0 whenever E\ F = (.
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Proof. In the case when E \ F' = (), we have that £ = F and then it is enough to take uy = u,. From
now on, we assume that £\ F # (), we fix p < A < 1, and we denote ey = ¢(\, u, E, F). We now
define the strategy of proof of the lemma. We first show that the family

Cr:={u:E —R : uis M\Lipschitzon F, u <ug+0+e) on E, u=mu, on F}
is nonempty, and then we define the function uy by:
(2.1) ux(z) :=sup{u(z) : weCy}, =€E.

In order to prove that the function u) is the required solution, it will be enough to check that uy € C)
and that ug <wuy +9d+e) on E.
1. We now prove that the family Cy is nonempty. Consider the function

v(z) = sup{uu(y) — Ad(z,y)}, z€E,
yeF

and let us see that v € C. Since w,, is A-Lipschitz (in fact, p-Lipschitz) on F, it follows from standard
calculations concerning the sup convolution of Lipschitz functions that v is a well-defined A-Lipschitz
function on E with v = u, on F. Now, given x € E\ F' and y € F let us see that u,(y) — Ad(z,y) <
ugp(x) + 0 + €. For every n > 0, we can find a point 2z, € F' with

(2.2) dist(z, F') +n > d(z, z;).

In the case when u,(y) — Ad(z,y) < u,(z,;) — Ad(x, z,), by the assumption that |u, — ug| < 6 on F
together with (2.2)) and the fact that dist(z, F') < e), we have that

uu(y) — AMd(z,y) < uu(zy) — Ad(x, 2y) < up(zy) + 0 — Md(x, 2,) < up(r) +0+ (1= N)d(x, z,)
<wug(z)+ 6+ (1 —A) (dist(z, F) + 1) <wug(x) +d+ex+ (1 =M.

In the case when u,(y) — Ad(z,y) > uu(2y) — Ad(z, z). The fact that u, is p-Lipschitz on F' yields
wu(y) — Ad(z,y) = wu(zg) = Ad(x, 29) > uly) — pd(y, 2) — Ad(z, 2)
> u,u(y) - /"Ld(‘ra y) - Md(l’a 277) - )‘d(x7 Z’V])7
which in turn implies
(2.3) (A= w)d(z,y) < (A + p)d(, 2).
Using first that wug is 1-Lipschitz on F and then ({2.3) and , we obtain
up(y) — Ad(z,y) < uo(y) + 0 — Ad(z,y) < uo(z) + 6+ (1 — N)d(z,y)

1—A 1—A
<wuo(z) +6+ m()\ + p)d(z, 2y) < uo(x) + 0+ m()\ + ) (dist(z, F') + n)

1—A
Suo(:p)+6+€,\+m()\+u)n.

Hence, in both cases, we have that

1-A
up(y) — Ad(z,y) < uo(x) +064ex+ m()\ + ),

and letting n — 07 it follows that v(z) < ug(z)+Jd+ey for every x € E'\ F. This proves the inequality
v <wug—+9d+eyon E, which shows that v € C).
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2. The function wu)y belongs to Cy because a supremum of A-Lipschitz functions is a A-Lipschitz func-
tion, and because inequalities and equalities are preserved by taking supremum. Before proving the
inequality ug < uy + § + &) on F, we first show that u) coincides with the function

() = yeglgsk{uA(y) + Md(z,y)}, =€ E;

where

S)\Z{.TEE : uA(x)zuo(x)—i—é—{—%‘}.

Observe that, since u, < ug + 0 on F, Sy and F are disjoint. Since uy is A-Lipschitz on E (and, in
particular, on F'U S} ), the function v} is the greatest A-Lipschitz extension of uy from the set F'U S).
Thus vy = u) on FUS) and uy < vy on E. Hence, by , we will have that vy = u) as soon as we
see that vy <wug+ 9+ ey on E. Let us define

Gy={x € E\(FUS)) : va(z) > up(x) + 0 +ex}.
Claim 2.3. G, = 0.
Assume that G # (). Since E \ F is bounded, then vy — ug is bounded on G\ and we can define

a :=sup{vy — up}.
G
It is obvious that a > § 4+ ). We can pick a point y € GGy such that
EX
(2.4) ua(y) —up(y) > a— >

We next define the function
wy = max{uy,vy —a+d+er}: E— R

The function wy is A-Lipschitz on F and satisfies the following.

(i) On the set F'US), we have vy = u). Since a > d+¢), we have that wy = uy on F'US). In particular
wy = uy on F.

(ii) On Gy, we have, by the definition of a, that vy —a < ug. Since we always have uy < ug+ 9 + €,
the function wy satisfies wy < ug+ 6§ + ) on Gy.

(13i) If v € E\ (Gx U F US)), then

ua(x) —a <ug(x)+0+ex —a < up(x),
together with uy < ug+ d + ¢y on E, this implies wy(z) < ug(z) + 0 + €.

From the remarks (7), (4¢) and (i7i) above we obtain that wy < ug + ¢ 4+ ey on £ with wy = u, on F.
By (2.1) we must have wy < uy on E. But, for the point y € G, (see (2.4))) it follows that

3
ux(y) > wr(y) > va(y) —a+6+ex > uo(y) +6 + ?A

It turns out that y belongs to Sy, which is a contradiction since G and S are disjoint subsets. This

proves Claim

Finally, because G = (), it is clear that vy < wug+ d + ¢) on E and therefore
(2.5) ux(z) = vp(z) = yegljsA{uA(y) + Md(z,y)}, x€E.
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3. We now show that ug(z) < ux(x) +  + € for every x € E. Since ug < u, +9 = uy + 0 on F, we
only need to consider the situation when x € E'\ F. Let us fix n > 0. We can find a point z, € F' with

(2.6) dist(z, F') +n > d(z, zp).
Moreover, by (2.5)), it is clear that there exists v, € F'U Sy such that
(2.7) ux(yy) + Ad(w, y,) < min{uy(2zy) + Ad(z, 2), ur(z) + 1} .

Suppose first that y,, € Sx. In particular y, € E'\ F and ux(y,) > uo(yy) + d + 5. Using that ug is
1-Lipschitz together with ([2.7)) we obtain

up(z) < uo(yy) + d(x,y) = uo(yy) + Ad(x, yy) + (1 — N)d(z, yp)
< u(yy) = 8 = 5+ M) + (1= Nd(e,yy)

<u,\(x)+77—(5—%+(1—)\)diam(E\F)gu,\(:z)+5+€A+77.

Suppose now that y, € F. Using (2.7)) and the fact that w) is p-Lipschitz on F, we can write
u/\(zn) + )‘d(x7 zn) > u)\(yn) + )‘d<$7 yn) > UA<Z77) - Md(ym Zn) + )\d($7 yn)
> u)\(z’r]) - Md(l’, z'r]) + ()‘ - M)d(x7 y'r])7
which implies, taking into account (2.6]),

)‘+M )\‘|‘,U . €N )\—I—,u
(2'8) d(x7y7]) < md(l',zn) < m(dlSt(l’,F)—FT]) < 1_)\—{—mn

Bearing in mind that uy + 9 = u, + d > up on F and using (2.7)) and (2.8]) we obtain
uo(z) < uo(yy) + Ad(z,yy) + (1 — Nd(z,yn)

< un(y) + 6+ (@, ) + (1= N, yn) < un(@) + 146+ ex + (1 — )\)H 0
We have thus shown the inequality
uo(x) <wup(x)+0+ex+n+(1 —)\)i\\:in on E.
Letting n — 0T, we conclude that ug(z) < uy(x) + 6 + &, for every x € E. O

Proof of Theorem [2.1. Without loss of generality we may and do assume that K = 1. Let us fix a
point p € F and set E,, = (EN B(p,n))UF and F, = E,_; for every n > 1, where F} = Ey = F. It
is clear that we can construct an increasing sequence of numbers {\, },>1 with \g < A\; and A\, < 1
for every n > 1 such that

1—- X\,
)\n - An—l
for every n > 1 such that E,, \ F,, # (). Let us construct by induction a sequence of functions {uy, }n>1

such that each w, : E, — R is A\,-Lipschitz on E,, and satisfy u, = u,—1 on E,_1 and |u, — ug| < ¢
on E, for every n > 1.

(2.9) (M + Ano1) (diam(En \F) + dist(E, \ P, Fn)) <t

- 2n

Since wug|p is Ag-Lipschitz, we can apply Lemma with Fy C F1, 0 =0, up : Fhn — R, p =
Ao, Uy = up|p, in order to obtain a Aj-Lipschitz function u; : Fy — R such that u; = u, = up on
Fy and |u; —ug| < § on Ej, thanks to (2.9). Observe that u; = ug on F. Now assume that we have
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constructed functions u1, ..., u, respectively defined on FE1,..., E, such that each uy is Ag-Lipschitz
on Ey, with up = up_1 on Ey_1 = F}, and
€ €
i — o] < S+
for every 1 < k < n. Then we apply Lemma 2.2 with 6 = ¢/2+4 -+ +¢/2", B, = Fpy1 C Epqq, pp =
Any Uy = Uy : By — R and up @ E,41 — R to obtain a Aj,41-Lipschitz function w41 : E,y1 — R such
that u,+1 = ug on E,, and, thanks to ,

on FEj,

€ €
[unt+1 — uo| < §+'--+W on FEpiq.
This proves the induction. We now define the function v : E — R as follows: given x € E, we take a
positive integer n with z € E,, and set u(x) := u,(z). Since E = J,,~, By and each u, coincides with

Up_1 on E,_1, the function v is well defined. Because u = u,, on each E,,, we have that
|u_u0| = |un _U0| <e on FE,,

which implies that |u — ug| < e on E. Also, note that u = ug on F because u = uj on E; and u; = ug
on I' C FE;. Finally, given a bounded subset B of E, we can find some natural n with B C E,. This
implies that u = u,, on B, where u,, is A,-Lipschitz and A\, < 1. O

3. APPROXIMATION BY SMOOTH LIPSCHITZ FUNCTIONS: PROOF OF THEOREM [L.4]

This section contains the proofs of Theorems and Let us start with the proof of Theorem
so let us assume from now on that X is a Banach space satisfying the hypothesis of Theorem
for some k € NU {oco}. We will need to use the following two claims.

Claim 3.1. Let 2 C X be an open subset and let u : & — R be a Lipschitz function. For every
continuous function € : Q — (0, +00) there exists v : Q — R of class C*(Q) such that

(1) Ju(z) —v(z)| < e(x) for all z € Q.

(2) [[Dv(x)||« < Lip(u, B(z,e(z)) N Q) 4+ e(z) for all z € Q.

Proof. By replacing ¢ with min{e, % dist(-,00)}, we may and do assume that ¢ < %dist(-, 0Q) on €,
which implies that B(x,e(z)) is contained in Q for every = € Q. By continuity of ¢, for each p € Q,
there exists 0 < §,, < e(p)/4 such that e(x) > (p)/2 for all z € B(p,p). The assumption on X implies
in particular that there exists a constant Cy > 1 such that, for every Lipschitz function f : X — R
and every n > 0, there exists a C* Lipschitz function g : X — R such that |f — g| < n on X and
Lip(g, X) < Cp Lip(f, X). Then, as a consequence of [11, Lemma 3.6], there exists a partition of unity
{@np}npjenxa of class C*(Q) and Lipschitz such that supp(enp) C B(p, 6,) for every (n,p) € Nx Q,
and for every x € €, there exists an open neighbourhood U, of  and a positive integer n, such that

(3.1) If n>ng then UzNsupp(pnp) =0 forevery pe Q.
If n<ng, then U,Nsupp(gnp) #0 for at most one p e Q.

We can assume that u is extended to all of X with the same Lipschitz constant. Using the assumption
on X, we can find a family of C*(X) Lipschitz functions {Vnp} (n,p)enxq such that, for every (n,p) €
N x €,

e(p)
. — Un S .
(3.2) [u — vy p| (5 Tip(ng) 2772 on X and
(3:3) Lip(vn,p, B(wo,7)) < Lip(u, B(wo, + 0p)) + 6 < Lip(u, B(wo, 7 + dp)) + 8(4p>
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for every ball B(xg,r) contained in 2. We define the approximation v : Q — R by

v@) = Y vap(@)pnple), zEQ

(n,p)eNxQ

By the properties of the partition {¢np}npjenxq, the function v is well defined and is of class Ck(Q).
Given x € Q, (3.2)) implies

e(p
w@ vl Y @) —w@len@s Y Pw
{(nvp) : B(p,6p)9$} {(nvp) : B(p,5p)336}
<Y e =)
{(Tb,p) : B(p,dp)al‘}

This proves part (1) of our claim. Now, let us estimate |[Dv(z)||«. Since 3, ) ¢np = 1, we have that
Z(n ) D¢np = 0 on Q. Then, taking into account that supp(¢n,p) C B(p, dp) for every (n,p) € Nx €,
we can write

Du(z) = > Dy, () np() + > (Unp(2) — w(2)) Donp().

{(nvp) : B(p,(sp)gx} {(nvp) : B(p,ép)aa:}

Hence, (3.2)) together with (3.1]) lead us to

g
D@l s X Il @t Y el Dewl.
{(n.p) : B(p.6y) >} {(n.p) : on p(2)70} "

S IDvp(@)]le fupla) + <;“>

{(n.p) : B(p,6p)>x}

Note that if p € Q is such that z € B(p,dp), then e(z) > e(p)/2 > 26, and we can write, by virtue of

B-3), that

IN

D @) < Lip(oy . Bla(x) — 8,) < Lin(u, Bz 2@))) + “2 < Lip(u, Bz e(x)) + “0.
Therefore, we obtain
. e(x e(x .
el 5 (v B o) + S5 ) gl + S = Lintu Blaele) + (o)
{(n,p) : B(p,6p)dx}
This completes the proof of statement (2).
([

Claim 3.2. Let Q C X be an open subset and let u : Q@ — R be a K-Lipschitz function with the
property that Lip(u, B) < K for every bounded subset B of Q. Then, given a continuous function
£:Q — (0,400), there exists v : Q — R of class C*(Q) such that

(1) |u(z) —v(x)| < e(x) for every x € Q.

(2) [[Dv(z)]l« < K for all z € Q.

K—L(r)
2

Proof. Let us define L(r) = Lip(u, B(0,74+1)NQ) for every r > 0. The function given by d(r) =
for every r > 0, is positive and nonincreasing. The function ¢ : [0, +00) — R given by

B t+1
5(t) = / 5(s)ds, 130,
t
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is continuous and satisfies 4 ([0,400)) C (0,K) and § < § on [0,400). Let us define the mapping
p:Q— (0,+00) by p(z) = 6(||z|) for every 2 € Q. Then p is continuous and we can replace & by
min{l,g,p,%dist(-,aﬁ)} on . In particular, this implies that B(z,e(x)) C 2 for every z € Q. We
thus have from Claim [3.1] that there exists v € C*(Q) such that

u(z) — ()| <e(z), =€,
and
|Dv(@)], < Lip(u, B, () + £(x), @ € Q.
Since € < 1, the ball B(x,e(x)) is contained in B(0, ||z||+ 1) N Q. Hence, the last inequality leads us to
_ K+ L(z])
- 2
for every x € Q. This shows that || Dv(z)|l. < K on . O

[Dv(@)l« < L(ll2l]) + e(2) < L(|[z[}) + p()

We are now ready to prove Theorem

Proof of Theorem[1.4} Assume that X satisfies the hypothesis of Theorem [1.4] for some k € NU {oo}.
Let us denote by Ag and K the Lipschitz constants Lip(ug, ) and Lip(ug, ) of ug on 99 and Q
respectively. By Theorem there exists a function u : 0 — R with

(3.4) lup —u| <e/2 on Q, w=wug on 99,

and the Lipschitz constant of u on every bounded subset of €2 is strictly smaller than K. Now, applying
Claim [3.2| for u, we can find a function v : Q — R of class C*(Q) such that

(3.5) lu(z) — v(z)] < min {%,dist(x,aﬁ)} and [|[Du(z)||l, < K forall z e Q.

If we extend v to the boundary 92 of € by setting v = u on 92 and we use the inequality (3.5]), we
obtain, for every x € 012, y € §2, that

[v(z) = v(y)| < |u(@) —uly)| + [uly) —o(y)| < Kllz -yl + dist(y, 0Q) < (1 + K)|z -y

This proves that the function v is continuous on €. Therefore, the fact that v is K-Lipschitz on € is
a consequence of the following well-known fact.

Fact 3.3. If w: Q — R is continuous on €, is differentiable on (2, is K-Lipschitz on 02 and satisfies
| Dw(z)||« < K for every x € Q, then w is K-Lipschitz on ).

It only remains to see that v is e-close to ug. Indeed, by using (3.4) and (3.5 we obtain
e € —
lug — v| < |ug — ul + |u — v §§+§:5 on .
O

3.1. Finite dimensional and Hilbert spaces. We are now going to prove that if X is a finite
dimensional space or a Hilbert space, then X satisfies the assumption of Theorem with k£ = oo in
the separable case and with k£ = 1 in the non-separable case.

Lemma 3.4. Let X be a separable Hilbert space or a finite dimensional normed space. Given a K-
Lipschitz function f : X — R and e > 0, there exists a function g of class C°°(X) such that |g— f| < e
on X and Lip(g, B(zo,7)) < Lip(f, B(zo,7 +€)) + € for every ball B(xg,r) C X. On the other hand,
if X is a non-separable Hilbert space, the statement holds replacing C>° smoothness with C.
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Proof. Let us first consider that X = R% is endowed with an arbitrary norm. If f : R? — R is Lipschitz
and we consider a function 65 : R? — R of class C°°(R?) with supp(6s) C B(0,6) and [ 05 =1, it is
well known that the integral convolution fs = f * 65 is a Lipschitz function of class C'"*° such that

Lip(fs, S) < Lip(f, S + B(0,6)) for every subset S c R%
In addition, fs — f uniformly on R? as § — 07. This proves the lemma in the finite dimensional case.

Now, let X be a Hilbert space and let us denote by || - || the norm on X. If g : X — R is a K-Lipschitz
function, then the functions defined by

ga(@) = mf{f(y) + xllz — 9"}, g"(@) = sup{£(y) - sl = yl*}

for all x € X and A\, u > 0, are K-Lipschitz as well. Also, it is easy to see that the infimum/supremum
defining g)(x) and g*(x) can be restricted to the ball B(z,2AK) and B(x,2uK) respectively. Let us
now prove the following relation between the local Lipschitz constants of g and g :

(3.6) Lip(gx, B(xo,7)) < Lip(g, B(zo,r + 2AK)) for every ball B(xzg,r) C X.

Indeed, let us fix a ball B(xg,r), two points x, 2’ € B(xp,r) and € > 0. We can find y € B(z/,2\K)
such that

9(v) + Kl =yl < gr(@') +e.
The points y and z — 2’ + y belong to B(zg,r + 2AK) and then we can write
ga(@) = ga(@') S g(z — 2’ +y) + gillz — (@ — 2"+ y)|* — 9(y)
— L&’ — y|® + ¢ < Lip(g, B(wo, 7 + 20K)) |z — 2’| + ¢,
which easily implies . Similarly, we show that
(3.7) Lip(¢*, B(zo,r)) < Lip(g, B(xo,r +2uK)) for every ball B(zg,r) C X.
Now, we consider the Lasry-Lions sup-inf convolution formula for g, that is
g5 (x) = jlel)g;g)f({f(y) +agxllz = yll? = gl — 21}
for all z € X and 0 < p < A. By the preceding remarks, the function gf\‘ is K-Lipschitz and satisfies
that
(3.8) Lip(g4, B(zo,7)) < Lip(g, B(zo,r + 2(A + p)K)) for every ball B(zg,r) C X.

Moreover, in [12, [I] it is proved that g is of class C'(X) and g4 converges uniformly to g as 0 < p <
A — 0. Now, given our K-Lipschitz function f : X — R and € > 0, we can find 0 < g < X small
enough so that the function f}' is K-Lipschitz and of class C*(X), |f{' — f| < €/2 on X and, by virtue

of (B:9).
(3.9) Lip(f{', B(zo,7)) < Lip(f, B(xo,r +¢€)) for every ball B(zo,r) C X.

If we further assume that X is separable, then we can use [13, Theorem 1] in order to obtain a function
g € C*°(X) such that

&
!fﬁ‘—gléi and ||Df{'— Dg|l« <e on X,

where || - ||« denotes the dual norm of || - ||. From the first inequality we see that |f — g| < e on X. The
second one together with (3.9) shows that

Llp(g,B($0,7”)) < Llp(ff\Lv B(l’o,r)) +e< Llp(fv B(IL‘(),T + 6)) +e
for every ball B(xg,r) of X. O
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Combining Lemma [3.4] with Theorem [I.4] we obtain Theorem [I.3] and Theorem [I.2] when X is a
separable Hilbert space or a finite dimensional space.

Remark 3.5. In the case when the function to be approximated vanishes on the boundary, the proof
of Theorem - for finite dimensional spaces can be very much simplified as we do not need to use
Theorem |2 deed, if R” is endowed with an arbitrary norm and ug : Q — R is a Lipschitz function
with ug = 0 on 0f2, given € > 0, we define the function ¢, : R — R by

t+5 if t< -5,
(3.10) pe(t)y=4 0 if —5<t<E,
t—5 if t>5.

We can assume that ug is extended to all of R by putting ug = 0 on R™ \ Q, preserving the Lips-
chitz constant. The function u = . o ug defined on R™ is Lipschitz because so are ug and ., and
Lip(u, R™) < Lip(ug, R™). Also, since |p<(t) — t| < £/2 for every t € R, it is clear that

lu(x) — up(x)| = |pe(uo(z)) —up(x)| < g for all z € R%

Now we define
o@) = (wx5)(w) = [ ule)ole—y)dy. @R
R

where 05 : R? — R is a C*°(R?) such that 65 > 0, [z405 = 1 and supp(fs) C B(0,6). Using the
preceding remarks together with the well-known properties of the integral convolution of Lipschitz
functions with mollifiers, it is straightforward to check that, for 6 > 0 small enough, v is the desired
approximating function, i.e, v is of class C*°(R%) with v = 0 on 99, Lip(v,R™) < Lip(ug, R") and
lup — v| < & on Q.

3.2. The space ¢y(I"). Let us now prove that the space X = ¢o(I") satisfies the hypothesis of Theorem
with k& = oco. In order to do this, we will use the construction given in [I0, Theorem 1] and we will
observe that the local Lipschitz constants are preserved.

Lemma 3.6. If T is an arbitrary subset, X = co(T') and f : X — R is a Lipschitz function, then,
for every e > 0, there exists a function g : X — R of class C*°(X) such that |f —g| < e on X and
Lip(g, B(zo,7)) < Lip(f, B(xzo,r +€)) for every ball B(zo,r) C X.

Proof. If K denotes the Lipschitz constant of f, let us consider 0 < n < m Let us define the
function ¢ : X = X by ¢(x) = (p2q(2)),, cp for every @ = (z4)yer € X, where pay is defined in (3-10).
Thus ¢ is 1-Lipschitz and satisfies ||¢(z) — x| < n for every z € X. By composing f with ¢ we obtain a
function h = fog¢ satisfying [ f—h| < § and with the property that, for every z € X, there exists a finite
subset I of I' such that whenever y,y" € B(z,3) and Pr(y) = Pp(y’') (here Pp(z) = > cpej(2)ey
for every z € X) we have h(y) = h(y’). Moreover, we observe that if z,y € B(zg,r) C X, then
o(x), d(y) € B(xo, ™+ n) and therefore

|h(z) = h(y)| < Lip(f, B(zo, 7+ n))ll¢(z) — ¢(y)ll < Lip(f, B(xo,r +n))llz — yll;

which shows that Lip(h, B(zo,r)) < Lip(f, B(zo,r +1)). Now we use the construction of [10, Lemma
6] to obtain the desired approximation g : let us define g as the limit of the net {gp}per<w, where
each gr is defined by

gF(l'):/RlF( Ztew)};ﬁ D), € X;

and 6 is a even C'™ smooth non-negative function on R such that [, 6 = 1 and supp(f) C [—ce, ce],
for a suitable small constant ¢ > 0. It turns out that g is of class C°°(X) with |g — h| < § on X and
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with the property that, for every x € X, there exists a finite subset F, of I' such that g(z) = gy (x)
for every finite subset H of I' containing F;. See [10, Lemma 6] for details. In addition, we notice that
if z,y € B(xo,r), and we consider finite subsets F, and F), of I' with the above property, then for the
set H = F, U I, we have that

h(CL‘ — Z tve,y) — h(y — Z t,yew)

yeEH yeH

H O(ts)dN ()

yeEH

l9(z) — g(w)| = lgn(z) — gu(y)] < /

RIH]|

< Lip(h, B(zo,r + c))[z ] TT 0t s () = Lin(h, Blao, r + el — ]
supp(0) 1 Sy

This shows that
Lip(gv B(:U07 T)) < Lip(h‘7 B(.T(], T+ CE)) < Lip(f> B(.’L'(), r+ce+ 77)),
for every ball B(zg,r) C X. This proves the lemma.

Combining Lemma with Theorem we obtain Theorem in the case X = ¢o(I).

4. APPROXIMATION BY ALMOST CLASSICAL SOLUTIONS OF THE EIKONAL EQUATION

Throughout this section X will denote a finite dimensional normed space with dim(X) > 2. At the
end of the section we will complete the proof of Theorem

We need to recall the notion of almost classical solutions of stationary Hamilton-Jacobi equations with
Dirichlet boundary condition. This concept was introduced in [6] for the Eikonal equation and was
generalized in [7] as follows.

Definition 4.1. Let Q be an open subset of X and let F : R x Q x X* — R and ug : Q0 — R
be continuous. A continuous function u : Q — R is an almost classical solution of the equation
F(u(x),x, Du(x)) = 0 with Dirichlet condition u = ug on 0§ if:
(1) u=wugy on .
(13) w is differentiable on Q and F(u(z),z, Du(z)) <0 for all z € .
(tit) F(u(z),z, Du(z)) = 0 for almost every x € Q.

In [6, Theorem 4.1] it was proved the existence of almost classical solutions of the Eikonal equation
with homogeneous boundary data, that is, |[Dv| = 1 and v = 0 on 9. This result was generalized in
[7] for an arbitrary function F' under certain conditions on F. See [7, Theorem 3.1] or Proposition
below.

We start by proving a slight refinement of [7, Theorem 3.1] for the existence of almost classical
solutions, in which these solutions can be taken with arbitrarily small supremum norm.

Proposition 4.2. Let 2 C X be an open subset and let F': Rx Q2 x X* — R be a continuous mapping.
Assume that

(A) F(0,2,0) <0 for every x € .
(B) For every compact subset K of Q) there exist constants ax, My > 0 such that for allx € K, r €
[0,ak] and z* € X* with ||x*||« > M}, we have F(r,xz,z*) > 0.
Then, given € > 0, there exists a function u > 0 on Q such that |u| < & on Q and u is an almost

classical solution of the equation F(u(x),z, Du(z)) = 0 on Q with Dirichlet condition uw = 0 on OSQ.
Moreover, the extension 4 of u defined by & =0 on X \ Q is differentiable on X.
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Proof. Although [7, Theorem 3.1] was originally stated when X = R" is endowed with the euclidean
norm, we can easily rewrite its statement (and its proof) for general finite dimensional normed spaces
by using the following proposition, which is an easy consequence of [6, Corollary 3.6].

Proposition 4.3. Suppose that B is a closed ball of X*. There exists a mapping t : B — Sx= such
that if (on)n C B is a sequence with t(oy)(0p+1 — opn) > 0 for every n, then (o), converges.

In [7, Theorem 3.1], €2 is decomposed as €2 = | J;5 Cj, where {C}};>1 is a locally finite family of closed
cubes and the function u satisfies v = 0 on | 51 0C; (because u is the sum of a series of functions all
vanishing on this union). Moreover, it is possible to choose the covering {C};};>1 so that diam(C;) < e

for every j > 1, and then, the Mean Value Theorem yields that |u| < e on Q.
O

Proof of Theorem[1.6 Given a 1-Lipschitz function ug : @ — R such that ug is Ao-Lipschitz on 99 for
some Ag < 1 and given € > 0, we can find, thanks to Theorem a 1-Lipschitz function v : @ — R
of class C*°(€) such that

(4.1) lug — v| < on Q, v=wuy on Of.

| ™

Let us define F': Q x X* — R by F(z,2%) = |lz* + Dv(z)||« — 1, for every (z,2") € Q x X*. Because
v is 1-Lipschitz on €2, we have F'(z,0) < 0 for every x € €2, which means that the function identically
0 is a subsolution to the problem

a2 ((Fope =0 sy

Also, observe that, whenever ||z*||. > 3, we have, for all x € 2, F(z,z*) > 1. Hence, Proposition
provides an almost classical solution u to problem such that |u] < &/2 on Q. Let us define w = u+wv
on Q. Then w is continuous on  and differentiable on 2 with || Dw(2)|« = ||Du(x) + Dv(x)|« < 1 for
every € Q and ||[Dw(z)||« = 1 for almost every x € Q. Also, w satisfies that w = v = up on 9Q and
|w —v| < e/2 on Q. Using Fact we obtain that w is in fact 1-Lipschitz on Q. Finally note that

up — w| < |v—w|+ |lug — v Si—l—igs on €.
2 2

This completes the proof of Theorem

5. THE LIMITING CASE

In this section we are concerned about constructions of functions ug with prescribed values on the
boundary of 2 such that ug is differentiable on € and Lip(ug, 092) = Lip(ug, 2).

Proposition 5.1. If Q C R? is open and ug : 02 — R is 1-Lipschitz for the usual euclidean distance,
then there exists a differentiable 1-Lipschitz function w : @ — R such that |Vw| = 1 almost everywhere
on Q and w = ug on 9, i.e, there exist almost classical solutions of the Eikonal equation with boundary
value ug.

Proof. We know by O. Savin’s results in [14] that the Absolutely Minimizing Lipschitz Extension
(AMLE for short) of up to Q is of class C1(Q). In particular, there exists a 1-Lipschitz extension
v:Q — R of ug such that v € C1(£). If we consider the problem

|Vu+ V=1 onQ,
(5-1) { u=0 on 0f2,



14 ROBERT DEVILLE AND CARLOS MUDARRA

and define F :  x R? — R by F(x,p) = |[p+ Vo(x)|, z € Q, p € R?, we have that F is a continuous
function which is easily checked to satisfy the hypothesis of [7, Theorem 3.1] (see Proposition in
Section [4)) for the existence of an almost classical solution to the problem . If we denote by u this
solution and we set w = u + v on €, it is clear that w is the desired function. O

We notice that the proof of Proposition cannot be adapted for dimension n > 3, because it is
unknown whether or not the AMLE of ug is of class C'. We only know from the results in [8], that
these AMLE are differentiable everywhere.

Example 5.2. Consider the ¢; norm on R? and define Q = {(z,y) € R? : 22 +y? < 1} and the
function ug(z,y) = |z| — |y| on the boundary 992 of Q. The function wg is 1-Lipschitz and all possible
1-Lipschitz extensions of ug to Q are not differentiable at (0,0).

Proof. Given (z,y), (2',y") € 09, we can easily write
u(z,y) —u(@’,y)| = [lo] = 2| + || = l| < |z — 2"+ |y —y/'| = [ (,9) = (@)1,

where the above inequalities are sharp. Thus, ug is a 1-Lipschitz function on 9. Now, let u : Q — R
be a 1-Lipschitz extension of uy. We have that «(0,0) < 0 since u(0,0) +1 = »(0,0) —»(0,1) < 1. On
the other hand, for every x € [—1, 1], we can write

u(z,0) > u(sign(z),0) — [|(sign(z),0) — (z,0)[ =1 = (1 — |z|) = ||
U(SC,O) < U(0,0) + ||($,0) - (0,0)”1 < |£C’,

which implies that u(z,0) = |z| for every = € [—1, 1]. Therefore u is not differentiable at (0,0).
U

The above example shows in particular that if ug is extended to a 1-Lipschitz on Q and ¢ > 0,
there is no 1-Lipschitz function v on Q which is differentiable on Q, v = ug on 9Q and |uy — v| < ¢
on . Thus Problem . has a negative solution in the limiting case Lip(ug,dQ) = Lip(uo, Q). An
example with the same properties can be obtained with the f,, norm by means of the isometry

T: (@R[ 1) = RE |- lloo), T(x,y) = (2 + y,z — ).
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