CONVEX (¢! EXTENSIONS OF 1-JETS FROM COMPACT SUBSETS OF
HILBERT SPACES
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ABSTRACT. Let X denote a Hilbert space. Given a compact subset K of X and two continuous
functions f: K - R, G: K — X, we show that a necessary and sufficient condition for the existence
of a convex function F € C'(X) such that F = f on K and VF = G on K is that the 1-jet (f,G)
satisfies:

(1) f(2) > f(y) + (G(y),z — y) for all 2,y € K, and

(2) if z,y € K and f(z) = f(y) + (G(y),z — y) then G(z) = G(y).
We also solve a similar problem for K replaced with an arbitrary bounded subset of X, and for C*(X)
replaced with the class C,}"*(X) of differentiable functions with uniformly continuous derivatives on
bounded subsets of X.

In [2], among other results, we showed the following.

Theorem 1. If K is a compact subset of R™ and f: K - R, G: K — R™ are continuous functions,

then a necessary and sufficient condition for the existence of a convex function F € C1(R™) such that
F=fonKand VF =G on K is that the 1-jet (f,G) satisfies:

(C) f(x) > fly) + (G(y),z —y) for all x,y € K, and
(CW?h) if x,y € K and f(x) = f(y) + (G(y),x —y) then G(z) = G(y).

Gilles Godefroy asked whether this statement should remain true if we replace R™ with a Hilbert space
X. The purpose of this note is to give an affirmative answer to this question.

We refer to the introductions and the bibliography of [2, [I, B] for motivation, insight and general
reference about this kind of problems. Let us only mention that if one wants to replace K with
a closed set in Theorem |[1] then it is necessary to introduce more sophisticated conditions, see [3|
Theorems 1.8 and 1.13]. Taking into account the difficulties that infinite dimensions add (such as the
lack of local compactness and the existence of continuous convex functions which are not bounded on
bounded sets), one can expect that even much more complicated conditions would be required to deal
with the general case of a 1-jet (f,G) defined on a noncompact closed set E of a Hilbert space X.
However, for a compact £ C X, the result is as easy as in R".

Theorem 2. Let X denote a Hilbert space. Given a compact subset K of X and two continuous
functions f : K > R, G: K — X, a necessary and sufficient condition for the existence of a convex
function F € CY(X) such that (F,VF) = (f,G) on K is that the 1-jet (f, G) satisfies:

(C) f(z) > f(y) +(G(y),z —y) for allz,y € K, and
(CW') ifx,y € K and f(x) = f(y) + (G(y),x — y) then G(z) = G(y).
Furthermore, whenever these conditions are satisfied, the extension F can be taken to be Lipschitz,
with Lip(F) < 5max,cx |G(2)].

Date: November 8, 2019.
2010 Mathematics Subject Classification. 26B05, 26B25, 52A05, 52A20.
Key words and phrases. Convex function, Whitney extension theorem, Hilbert space.
D. Azagra and C. Mudarra were partially supported by Grant MTM2015-65825-P. C. Mudarra also acknowledges
financial support from the Academy of Finland.
1



2 DANIEL AZAGRA AND CARLOS MUDARRA

This theorem can be viewed as a particular case of the following result. We let C; (X)) stand for
the class of all differentiable functions f : X — R such that their gradients Vf : X — X are
uniformly continuous on each bounded subset of X. If w is a modulus of continuity, we also define
Ch¥(X) as the set of all differentiable functions f : X — R such that for some M > 0 we have
Vf(@) = VF)| < Mo(lz — y]) for all 2,y € X.

Theorem 3. Given a Hilbert space X, a bounded subset B of X, and two functions f : B — R,
G : B — X such that G is bounded, a necessary and sufficient condition for the existence of a convex
function F € C;’U(X) such that (F,VF) = (f,G) on B is that the 1-jet (f,G) satisfies:

(C) f(x) = f(y) +(G(y),z —y) for all z,y € B;
(SCWY) if (x,), (yn) are sequences in B and limy, soo (f(22) — f(yn) — (G(yn), Tn — yn)) = O then

limy, 00 (G(z0) — G(yn)) = 0.
Furthermore, whenever these conditions are satisfied, the extension F can be taken to be Lipschitz,
with Lip(F) < 5sup,cp|G(2)].

Obviously one can take z,, = = and y, = ¥ in condition (SCW1), so it is clear that this condition is
generally stronger than (CW1). But in the case of a compact set K, these conditions are equivalent
(under the continuity assumption on f and G). Indeed, suppose that (CW1) holds and we are given
two sequences (zp), (yn) € K such that lim, o0 (f(2n) — f(yn) — (G(Yn), Tn — yn)) = 0. If we do
not have lim,_,~ (G(z,) — G(yn)) = 0 then we can take subsequences converging to points z,y € K
respectively such that f(x) — f(y) — (G(y),r —y) = 0 and |G(z) — G(y)| > 0, and so condition (CW?)
fails. Thus Theorem [3| generalizes Theorem 2| (which in turn implies Theorem [1)).

Proof of Theorem[3. We start by proving that (SCW?1) is a necessary condition. Let F € C;’“(X)
be a convex function and assume, for the sake of contradiction, that there are two sequences (zy,),
(yn) C B and some ¢ > 0 for which

an = f(xn) — f(yn) = (VF(yn),n —yn) = 0, and |VF(z,)— VF(y,)|>¢e forall n.

By convexity and the necessity of condition (CW') in Theorem [1| we must have a,, > 0 for all n € N.
Let us set, for every n,

_ VE(y) - VF(x)
" [V F () — VE ()

By convexity of F' we obtain
Vo (VF(zy, 4+ /anvn),vn) > F(x, + Janv,) — F(xy)
> F(yn) + <VF(yn)a Tn +/apvp — yn) - F($n)
= —Qp + v/ an<VF(yn)a Un>

for all n. Hence we deduce
(VF(xy, + Janvy) — VF(xy),vn) > —/an + [VE(yn) — VF(2y)| > —/an + €.

Since lim, o, = 0, the above inequality contradicts the fact that VF' is uniformly continuous on
bounded sets. Thus condition (SCW1) is necessary. The necessity of condition (C) is obvious.

Now assume that G is bounded on B and the pair (f,G) : B — R x X satisfies conditions (C') and
(SCW1) on B. Using condition (C') we have that

(G(y),z —y) < f(z) — fly) < (G(z),z—y) z,y€ B,
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and this implies that f is Lipschitz on B. In particular, f is bounded on B. For each y € B let us
define ¥, : X — R by
Yy(x) = sup{f(2) + (G(2),z — 2) — f(y) — (G(y),z —y)}.

z€B
Since f and G are bounded it is clear that 1), is everywhere finite. Also, because 9, is the supremum
of a family of convex C-Lipschitz functions, where C' := 2||G||o = 2sup,cp|G(2)|, we have that v, is
convex and C-Lipschitz for every y € B. In particular, also using condition (C'), we obtain

(1) Yy(y) =0 < ¢Yy(x) <Clz —y| forall z€ X, ye B.
Now let us consider the function wq : (0,00) — [0, 00) defined by
wo(t):sup{gy_(iz| 0 < |z — vy St,xEX,yGB}.

It is obvious that wg(s) < wp(t) for all 0 < s < ¢, and wo(t) < C for all t € [0,00). We also have the
following.

Lemma 4. lim; g+ wo(t) = 0.

Proof. Suppose lim sup,_,o+ wo(t) > 0. Then there exist € > 0, a sequence of numbers (t,) ~\, 0, and
two sequences of points (y,) C B and (x,) C X such that z,, € B(y,t,) and

¢yn (:L‘n) Z c

T — Yn|
for all n € N. By approximating the supremum defining vy, (z,) we may also find sequences (z,) C B
and (6,) C [0, 1] such that lim,_,~ d, = 0 and

(2) Yy, () = f(2n) +(G(2n)s 20 — 20) — f(Yn) — (G(Yn), Tn — Yn) + Onl@n — ynl-
Then, using condition (C'), we deduce that

0<e< Yy, (Tn) _ f(zn) + (G(2n),2n — 20) — f(yn) — (G(Yn); Tn — Yn) 16,

T |z — ynl [Tr — Ynl

_ f(zn) +(G(2n),Yn — 2n) — [(yn) +(G(2n) — G(Yn), Tn — Yn) 16,

’(L.TL - yn|

which implies
(3) 0<e< linrggéf |G (2n) — G(yn)|-
But on the other hand, since |z, — y,| — 0 and G is bounded, using and we also obtain
0= lim dy, (2a) = lim (F(z0) +{Czn). 20— 20) — F () — (o). 20— )
= Tim (f(zn) + (Gzn), i — 20) — Flm).
which by (SCW1) implies limy o0 (G(2n) — G(yn)) = 0, in contradiction with (3)). O

Now let us set wo(0) = 0. If wy : [0,00) — [0,00) is constantly 0 then G is constant, and for any
yo € B the function F(z) = f(yo) + (G(y0),* — yo) has the property that (F,VF) = (f,G) on B.
Therefore we can assume that wp is not constant, and define wy : [0,00) — [0, 00) by

wi(t) =1inf{g(¢) | g : [0,00) — R is concave and g > wp}
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(the concave envelope of wp). Then w; is a nondecreasing continuous concave modulus of continuity
such that wy; < C. Let us also set

©1(t) :/0 wi(s)ds, t € [0,00).

The function ¢ is convex and C', with a uniformly continuous derivative, and satisfies 1(0) = 0.
For each y € B, let us define the function

X3z py(x) =1 (lz—yl).
Lemma 5. The functions ¢, : X — [0, 00) are of class C1*1(X), with
Ve, (@) — Vi, (2)] < Moot (| — 2])
for all ,z € X, where M is a constant independent of y € B.

Proof. Since

Vey(a) = w(lz —u o —
! |z —y]
it is clearly enough to show that the function X > z + ¢(x) := ¢1(]x|) is of class C1*1(X). Recall that
wi is a concave, nondecreasing, modulus of continuity. In particular the function (0,00) 3 t +— wi(t)/t
is nonincreasing. Fix z,z € X \ {0}, and let us estimate |Vo(x) — V(z)|. Assume that |x| > |z| for
instance. Then

I

IVo(z) — Vo(z)| = w1(’x!)|% — w1(\z\)é < wi(|z]) = wi(l2])] ";‘ + wi(|z)) "; _ é
< (e o)+ L < o 21 + 2o 22

Now observe that |z| > $|z|+ 3|2| > 3|z — 2|, and therefore wi(|z])/|z| < wi(3|z — 2[)/(3]z — 2|). We
obtain

|z — 2|

Vo(a) = Vo(2)] < wila - 2]) + 2w (5l2 - ) <Swi(lz = z[).

1
3z — 2|
On the other hand, if one of the points z, z is 0, for instance z = 0, then

IVo(z) — Ve(0)| =

so in either case we have what we need, with M = 5. O

wﬂﬂﬂ%—ﬂ=wﬂﬂ%

Now consider the functions g : X — R defined by
g(w) = inf {f(y) +(G(y). = —y) + 2y (@)},
and

F = conv(g)

(the convex envelope of g, that is to say, the largest convex function which is less than or equal to g).
As in [I, Lemma 4.14] it is not difficult to check that

g(@ +h) +g(x — h) = 29(z) < 2¢1 (2/h])
for all x,h € X, which implies, as in [I, Theorem 2.3], that
F(x+h)+ F(z—h) — 2F(z) < 2¢1 (2|h])

for all z,h € X. Since F is convex this inequality implies that F' € C1*1(X) (see [I, Proposition 4.5]),
and in particular F' € C’;’U(X).



Let us see that (F, VF) = (f,G) on B. We first observe that, by concavity of w;, we have

%wl(t)t < /0 t wi(s)ds = ¢1(t),

hence
two(t) S twl(t) S 2@1 (t)
Therefore, setting

m(x) ;= sup {f(2) + (G(2),z — 2)}

z€eB

(the minimal extension of the jet (f,G)) we have

fy) +(G),z —y) + 20y (x) = f(y) + (G(y),z — y) + 2¢1(|lz — yl)

> f(y) +(G),x —y) + |z —yloo(lz —yl) = f(y) +(G(y), x —y) + Yy(x) = m(z),
hence

m(z) < g()
for all x € X, and since m is convex this implies that
m< F<g onlX.
But we also have
f<m<g<f onB.

Therefore F' = f on B. On the other hand, since m < F on X and F' = m on B, where m is convex
and F' is differentiable on X, we deduce that m is differentiable on B with Vm(z) = VF(z) for all
x € B. But it is clear, by definition of m, that G(z) € Om(x) (the subdifferential of m at ) for every
x € B, so we must have VF(z) = G(z) for every z € B.

Finally let us see that F' is 5||G||oc-Lipschitz. It is clear that ¢, is 2C-Lipschitz for all y € B, and this
implies that g is 5||G/||eo-Lipschitz. Besides, we have that

F(x) = conv(g)(z) = inf Z)\ng] :)\-ZO,ZAjzl,x:Zijj,neN
Then, given z,h € X and € > 0, we can pick n € N, z1,...,z, € X and Aq1,...,\, > 0 such that

x) > i/\ig(fni) — €, i)‘i =1 and i)\ia}i = 7.
i=1 i=1 i=1

Because x +h =Y ; Ni(x; + h), we have F(z + h) <> | Nig(x; + h), which leads us to

Flo+h) - <ZA (5 + h) — g(z0)) + = < 5[Glloolh] + 2,
and since € > 0 is arbitrary, we get F'(z + h) — F(z) < 5||G|loc|h| for all x,h € X, which means that
Lip(F) < 5||G||co- O
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