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TRACES OF VANISHING HOLDER SPACES

KAUSHIK MOHANTA, CARLOS MUDARRA, AND TUOMAS OIKARI

ABSTRACT. For an arbitrary subset £ C R™, we introduce and study the three vanishing subspaces
of the Holder space C%*(E) consisting of those functions for which the ratio |f(z) — f(y)|/w(Jz —y|)
vanishes, when (1) |z —y| — 0, (2) |z —y| — oo or (3) min(|z|, |y|) — oco. We prove that the
Whitney extension operator maps each of these vanishing subspaces from E to the corresponding
vanishing spaces defined on the whole ambient space R™. In fact, this follows as the zeroth order
special case of a more general problem involving higher order derivatives. As a consequence, we
obtain complete characterizations of approximability of Hélder functions C%* (E) by Lipschitz and
boundedly supported functions.

1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. The vanishing Holder spaces V'CUE(X ,Y'), for the scales I' € {small, large, far},
for normed spaces X, Y and for many moduli of continuity w, were recently defined and studied by
the two last named authors [I5]. In particular, these vanishing Holder spaces were shown to often
provide a complete description of those Holder functions approximable by Lipschitz or smooth or
boundedly supported functions. In this article we continue to study the vanishing Holder spaces
VC;) (X,Y), when X = R"” but Y is allowed to be an arbitrary normed space.

We are interested in understanding when a given Vamshmg scale restricted to a proper subset
E C R", admits a bounded linear extension operator L : VC3(E,Y) — VCE(R™,Y) to the whole
ambient space. Our answer is that for a completely arbitrary subset £ C R™, a single linear bounded
extension operator exists and works simultaneously for all the scales I' € {small, large, far}. We use
the classical Whitney extension operator.

We do not only consider the possibility of extending the function itself, but also its putative
derivatives. In particular, we provide a full description of exactly when a jet A € jm’w(E,Y) is
obtained by restricting a function F € C?l “(R™,Y). This amounts to showing that the Whitney
extension operator maps the vanishing jet spaces jIn}’w(E,Y) to C’P@ “(R™,Y), i.e. preserves sep-
arately each of the vanishing scales. See Section for the precise definitions and statements of
these results.

One perspective to our results is as follows. The scale of Holder spaces C9% can be seen to
measure the smoothness of a function relative to the modulus w(t) > 0, and when w(t) = 0 the
space BMO of bounded mean oscillations is often substituted as the zeroth order way of measuring
smoothness. As opposed to real-valued Holder functions C'0% (E,R™), with E C R™ arbitrary, being
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extendable to the whole ambient space C’O’“(R",R) by the classical infimal convolution formula
x — infyep{f(y) + Mw(|z — y|)}, for example, this is far from being true for functions in BMO.
Indeed, given a connected open set (a domain) 2 C R™, a classical theorem of Jones [12] tells
us that a bounded linear extension operator L : BMO(2) — BMO(R") exists if and only if 2 is
uniform. With BMO, geometry of the domain appears naturally. A recent result of Butaev and
Gafni [4, Theorem 3] (see also [5]) extends Jones’ result by providing a single bounded extension
operator on BMO(2) and also on several of its subspaces determined by approximability by nice
functions, or by having appropriate vanishing mean oscillations. Our results are in the same spirit
as Butaev’s and Gafni’s, but opposed to Jones’; we consider vanishing subspaces, but get rid of all
geometry by reintroducing an order of smoothness w(t) > 0.

It follows from our results that a single linear and bounded extension operator exists for the
intersection VO of the three vanishing scales. In particular, for the Holder moduli «a(t) := ¢,
for a € (0,1), [15, Theorem 1.13| states that VC(R") = VMOQ(R")E, where the latter fractional
vanishing mean oscillation space was defined in Guo et al. [I1, Theorem 1.7] and shown to charac-
terizes the off-diagonal LP — L (for 1 < p < ¢ < 00) compactness of commutators of many singular
integral operators. We also point out that the identification C%*(R",R) = BMO®(R",R) of the
Holder spaces with the spaces of fractional bounded mean oscillation is due to N. G. Meyers [13].
Moreover, the classes VngaH are also called the little Hélder spaces. These are fundamental in the
study of Lipschitz algebras in metric spaces; we refer to the monographs by Weaver [I8, Chapters
4 and 8|, and for an exposition of these little Holder spaces in the setting of Ahlfors regular sets we
refer to D. Mitrea, I. Mitrea, and M. Mitrea [14, Chapter 3].

For the extension of CO% mappings between subsets of Hilbert spaces, preserving the COw.
seminorms, see Griinbaum and Zarantonello [10], and the monograph [2] by Benyamini and Linden-
strauss. The fundamental starting point for C™ extension of jets in R™ is the celebrated Whitney
Extension Theorem [19]. For Whitney-type C™* extensions of jets in R", we refer to the work of
Glaeser [9], and for Whitney-type extensions of jets generated by Sobolev functions in R", see, for
instance, the recent paper of Shvartsman [16]. For infinite dimensional results on O extension
of jets, see the recent paper [I] by Azagra and the second named author of the present paper. For
extension results for functions (instead of jets) of order C™ or C™*, or for Sobolev functions, see
for instance the papers by Brudnyi and Shvartsman [3], by Fefferman [6,[7], by Fefferman, Israel
and Luli [§].
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script and for their comments, which led to improvements in both clarity and presentation.
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by the MICINN (Spain) grant no. PID2020-114167GB-100.

1.2. Basic definitions and main results.

Definition 1.1. Let w : (0,00) — (0,00) be a modulus of continuity, £ C R™ an arbitrary set,
m € NU {0}, and V a normed space. By an m-jet on E (to V) we simply understand a family
of m + 1 functions {A; : E — L¥(R™,V)}7,. For us L¥(R™, V) denotes the vector space of all
symmetric k-linear mappings from R™ to V, and the norm we are using on £F(R", V) is the one
given by

||| := sup{|| T (u1,...,up)||lv : ut,...,up € S"}.

lWe remark that notationally VMO® = CMO® for Guo et al.
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Then we define the trace jet space of C™*(R™, V) to E, denoted by jm’w(E, V'), as the vector
space of all m-jets {A}]", on E so that

ARl )

[ - SR Ak )@ — )]
T w(jz — gz — g™ F

(1)

::E,yGE,k:zO,...,m}<oo.

It is convenient to clarify that each term Ay ;(y)(x — y)’ in the sum of () is understood as the
symmetric k-linear mapping (R™)*¥ — V given by:

7 times

Ak-i—](y)(x - y)J(ulw .. ,Uk) = Ak+](y)<$ — Y. T =Y, UL,y ... 7uk>7 (ula cee ,’LLk) € (Rn)k

In particular, the comparison of the sum of these mappings with Ax(z) in () is well-defined. In
addition, since Ag;(y) is a symmetric (k + j)-linear mapping (R™)¥*J — V', one can distribute the
j-many vectors x —y among the k + j entries in any order, resulting in the same symmetric k-linear
mapping as above.

Moreover, it is clear that || - ”jm'”(E,V) defines a seminorm on J"*“(E, V), and it can be made an
actual norm if we fix a point zg € E and define

IHARHlmes vy = AR ollymor gy + 2% Ag (o))

Moreover, if V' is a Banach space, this norm is complete, and (J™“(E, V), ||| - |||y« (g,v)) becomes
a Banach space.

RemaI.'k 1.2. In the case m = 0, the trace space J 0 (E, V) coincides with the homogeneous Holder
space C%%(E, V), consisting of those functions f : E — V such that

L @ s
Wleowwin = 20 “aie=ah =
ekl

Let us now look at functions that are defined everywhere in R™.

Definition 1.3. Let w : (0,00) — (0,00) be a modulus of continuity, m € NU{0}, and V' a normed
space. Then C"¥(R", V') consists of those F' : R" — V of class C™(R™, V') so that

|D™F(x) — D™ F(y)|
E || 2o (om 1y = SUD < 00.
¢ (R™,V) Ty w(\x - y’)
z,yeR™

Here D™F : R"™ — L™(R"™, V) denotes the mth (total) derivative of F. Under basic assumptions
on the modulus w, a version of Whitney’s extension theorem says that every m-jet {4}, €

jm’w(E, V') is the restriction of some F € Cm’“(R", V) to E, in the sense that
DFF(y) = Ak(y), ye€E, k=0,...,m.

We recall the construction of the Whitney extension operator and give appropriate references in
Section [3l
In this article, we are insterested in subclasses of the space C’m’“(R", V') given by the following
vanishing conditions.
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Definition 1.4. Let w : (0,00) — (0,00) be a modulus of continuity, m € NU {0}, n € N, and V a
normed space. We define the vanishing scales

V(R V) = {F e C™®",V) : lm sup |D™F (x) Wl _ o).
320 go£yeR™ w(lz —yl)
|z —y|<o

VCiarge(R™, V) := {F c C"™¥(R",V) : lim sup ” (z) Wl = 0}7
g d—00 ‘x,yE‘R” w(‘x — y’)
T—y|>d

< MmLw . DME _pmE
VCy,, (R", V) := {F e ¥R, V) : lim sup I (=) @l — 0}_
b=00  pyeR™ w(|z —yl)
min(|z|,|y])>6

Finally we take the intersection of all the scales,

R", V) := VC.72 (R, V) N VO (R™, V) N v'c{;go(m", V).

- MW
( small

VC

Let us next consider the following questions.

Problem 1.5. Given an m-jet {Ay : E — LFR™,V)}™  on E, a modulus of continuity w, and
one of the scales T' € {small,large, far} defined above, what necessary and sufficient conditions
guarantee the existence of F' € VC;n’w(R", V) so that DFF restricted to E agrees with Ay, for each
k=0,...,m? Does there exist an extension operator that works simultaneously for all of the three
vanishing subspaces? Can such an extension be defined by means of a linear operator?

For an m-jet {A}}", € J"(E, V), let us denote

m 1Ak (x) = 75 H Ak () (@ — v)7 |
R ({Ak}k:m Z, y) = olgl}cagxm |z — y|m—k

, z,y€FE. (2)

We show that full answers to the questions presented in Problem can be obtained by assuming
that the jet {Ap})L, € VJm’w(E, V') vanishes in an appropriate manner, as described in the next
definition.

Definition 1.6. Let w : (0,00) — (0,00) be a modulus of continuity, £ C R™ an arbitrary set,
m € NU {0}, and V a normed space. We define the vanishing subspaces of jets

A e . m Tm,w BT R({Ak}?:07$7y) o
VIa(EV) = {{ ek € " (EV) « Jim sup =SSR = 0}
|z —y|<o

com.w m,w . R({Ak}?_o,x,y)
VI oo(E = {A T(E,V) 21 = =
Jlarge( 7V) {{ k}k_o el ( ’ ) 6520 m:ﬁlylle)E w(|$ _ y|) 0}’
|z—y|>6

s M,w L m L m,w i . R({Ak}?:())x?y) _
VI (B = A € TUEY)  Jim - sup - SR < o),
min(|z|,|y|) >0

And we define the intersection of the three,

(B, V) N Vg (B, V) N VI (B, V).
4
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Before stating our main results, let us finally fix the class of moduli that we consider. We always
assume that w is non-decreasing and satisfies
t

limw(t) =0, and < Co——, whenever 0<s<t< oo, (3)
0 w(s) w(t)
where C,, > 0 is a fixed constant. We also assume the conditions
. t
%E)I(l) m =0, (4)
lim w(t) = oo, (5)

t—o00

to deal with the small, and large and far scales, respectively. Now, the following is our main result.

Theorem 1.7. Let w be a modulus of continuity satisfying B), E C R™ an arbitrary set, m €
NuU {0}, and V a Banach space. For an m-jet {Ap}j, € J"(E, V), the following hold.
o Provided that (@) is satisfied, the jet {Ap}]", admits an extension F € VO (R V) if
and only if {Ar}iL, € VIDS (B, V).
o Provided that (@) is satisfied, and T' € {large,far}, the jet {Ay}7", admits an extension
F e VCL“(B,V) if and only if {Ag}{, € VIL " (R™, V).
e Provided that both ), () hold, the jet {A}i, admits an extension F € VO™ (R, V) if
and only if {Ag}{, € VO (B, V).
Moreover, when E is closed, the result holds when V is merely a normed space, and these extensions
can be defined via the linear Whitney extension operator.
Specifying to the particular case m = 0, we obtain the following.

Corollary 1.8. Let w be a modulus of continuity satisfying [B), E C R™ be an arbitrary set and V
a Banach space.

e Provided that @) is satisfied, f € CO“(E,V) admits an extension F € VCS;J&H(R",V) if
and only if f € VCSI’;‘)&H(E, V).
e Provided that () is satisfied, and T € {large,far}, f € CO“(E,V) admits and extension
F e VC%w(R", V) if and only if f € V.C%w(E, V).
e Provided that both (@), @) hold, f € CO¥(E,V) admits an extension F € VCO’W(R",V) if
and only if f € VCO’w(E, V).
Combining Corollary [[8 with the approximations of globally defined functions [I5, Corollary
3.14.], we deduce the following,.
Corollary 1.9. Let w satisfy @), @) and @), let E C R™ be closed and V' be a Banach space.

o If f € VCS;;U&H(E, V) and € > 0, there exists G € Lip(R™, V) N C®(R™ V) N CO¥(R"™, V)
such that

If — G|EHCO,w(E,v) <g, HGHCO,w(Rn,v) N ”f”(jo,w(E,v)-
o If fe VCO’w(E, V) and e > 0, there exists G € C°(R™; V) N CO%(R™, V) such that

If = G|EHCO,w(E,v) <& HGHCO,w(Rn,v) S ”f”(jo,w(E,v)-

Basic notation. Above C2° stands for smooth and compactly supported functions and Lip stands
for Lipschitz continuous functions. We denote A < B, if A < C'B for some constant C' > 0 depending
only on parameters like integration exponents or the dimension of R™ that are not important to
track. Furthermore, we set A ~ B, if A < B and B < A. Subscripts or variables on constants and
quantifiers, such as, C,, C'(a) and <,, signify their dependence on those subscripts.

5



2. NECESSITY OF THEOREM [L.7]

In this section, we give the proof of the “only if” parts of Theorem [ We begin with the
following elementary observation.

Remark 2.1. If Ae jm’w(E, V'), then for every r > 1, one has

max sup || Ax(2)|| < C(r,m,w, A, E) < 0.
0<k<m z€E, |z|<r

Proof. Write, for each z € EN B(0,r) and zy € E,

4o < v - 5 Ak )z = 20| +1 b Ak (z0)(z = 20|
j=0 Jj=0

_k )
< Allgme g vy |2 = 20/ w(|z = 20]) + C (A, 20,m) Jax |z — 20/’

S (r 4 1z20)™F (W + |20]) + O (A, z0,m)) .
U

The following Lemma is extremely useful both in this and the next section. It shows that the
minimum min(|z|, |y|) > & defining the vanishing condition VJg."(E, V) can be replaced with the
maximum max(|z|, |y|) > 0. We also note that the proof in the case m = 0 is simpler due to the
symmetry of the corresponding R(A,x,y). For a proof in this special case with F = R", we direct
the interested reader to [15, Lemma 2.2.].

Lemma 2.2. Let w satisfy [B), E C R™ be arbitrary, m € NU {0}, and V' a normed space. Then,
we have

VJ;;LI"M(E7 V) = {A S jm7w(E, V) : lim sup w = O}
S s
max(|z,[y|)=>

Proof. First notice that the vanishing condition of V. (E, V) is not vacuous if and only if E is

unbounded, and so E is assumed to be unbounded in this proof. Let A = {A}[", € VI"(E,V)
and € > 0. Let M = M(e) be such that if u,v € E and |u|, |v] > M, then

R (A, u,v) < ew(|u — ). (6)

Since E is unbounded, we can fix a point zg € E\ B(0, M). Now, by Remark 2Z.I]and the assumption
[Bl), we can select K > 0 large enough (and depending on e, M,w, E, A) so that
K > 4max (M, |z],1) and max sup  ||4;(2)]| € ew(K). (7)
0SISM 2€ B, |2|< 20
Because |zg| > M, the last bound is also true when |zg| is replaced by M. (Morally speaking, we
take K > M + |zp| to be much bigger than both M and |zp|.)
Now we consider arbitrary z,y € E with the lower bound max(|z|,|y|) > K. Notice that, for
our purposes, we can also assume that M > min(|z|, |y|), as otherwise the desired estimate is true
already by (). So, for future reference, we are assuming that:

max(|z],[y|]) = K and M > min(|z], |y|). (8)

Notice that R(A,xz,y) is not symmetric with respect to (x,y), and so we must study two non-
symmetric cases.
We start by checking the case |z| > K and |y| < M first. Using the first inequality of (), the
fact |z9| > M, and the triangle inequality, we see that
ly — 20| <le—yl and O Yo —y| < |z — 20| < Clz —yl; 9)
6



for some absolute constant C' > 0. Now, using that z,zp € E \ B(0, M), the relations (@) and the
choice of K in (), we have, for every 0 < k < m,

1
|A4@) = 3 SA W)@~y
=0 "
m—k 1 ' m—k 1 ' .
< [[4k() = 3 FAens o)l =200+ | X Feo) (0= 20 — (@ = 0P) |
2 2 51
<elr =2/ Fw(lz = 2) +C(m) max  sup Ay ()] (ly — 20 + |z — 20l)
0<j<m— szE| |<|zo]
SCum B Al gy €18 = Y™l —yl) + ew(K) | max fo — g (10)

Since |[x —y| > K — M > K/2 > 1 by (@), we have that w(K) <, w(|z — y|) (see condition (B]) of
w) and also |z — y|/ < |z —y|™ ¥ for all 0 < j < m — k. These applied to (I0) yield the bound

[4v@) = 3 A0 =] Sele =y e oD, k=0om ()
=0

Dividing by the term |z —y|™ ¥ w(|z — y|), and taking the maximum among k = 0,...,m, we arrive
at R(A,z,y)/w(|z —y|) S e, which is the desired estimate.

Let us now study the other (non-symmetric) case of (8]), that is, when |y| > K, and |z| < M. Let
us write, for every 0 < k < m,

m—k
[EOED S ORI
j=0 7"
m—k 1 m—k—j 1 ‘
<[ 2 A (At = X GAsa@w )@ - vy
j=0 " =0
m—k 1 m—k—j 1
Hlaw =X 5 > fAvn@ - o' - v
j=0 J: =0
m—k m—k—j 1 ' '
S Y A Tk — o) [lo —gb +_max |Apga@lle -y
j=0 1=0 ==
m—k m—k—j
S Y [[Akeiw) Ak @) — o) [l = g + max 4@l -y (12)
j=0 =0 =/=

where in the last estimate we used that |z — y| > K — M > 1 by virtue of (), and so |z —y|"*7 <
|z — y|™* whenever 1 <1+ j <m — k. Now, for the first term in (IZ)), we use the estimates ()
for each 7 =0,...,m — k, but swapping the roles of x and y (note that the estimates of (IIl) were
obtained for |z| > K and |y| < M). We thus obtain,

m—k ——j
> [Anestw - > 1Ak @)y — )l — o
j=0
m—k
S ela— g™ (e —yle — gl S ele -yl (e - y)).
j=0



As for the second term in (I2]), we use the current assumption |z| < M and the second inequality
of () to infer that

max [A;(@)||lz —y[" " < max  sup [A(u)[le -y < cw(K)|e -y "
1<j<m 1< e B ful <M
But again |z —y| > K — M > K/2 thanks to (), and so property (8] of w tells us that w(K) <,
w(|z —yl).
Dividing by |z — y|™ *w(|z — y|) in (I2) and combining the above two estimates, we conclude
that

R(A,z,y) k() = S5 JrAki )@ — ol _

ax
w(lz —yl)  o<k<m |z — y[mFw(lz — y|)
as desired. O

NE7

So, let us assume that F' € VC;n’w(R", V) and we will next prove that the restriction of F' to
FE satisfies the properties from Definition While the proof in the case I' = small is immediate
from Taylor’s theorem, for the scales I' = large and I' = far, we need to study a couple of subcases
separately.

The case I' = small. Because F € C"¥ (R™, V) we use Taylor’s theorem to write, for each couple
xz,y € R" of distinct points, and each k£ =0,...,m:

|DFF(2) — Y7k A DRI R () (@ — y)

; J m _ nm
j=0 1 qup D" F(z) - D"E(y)||

w(lz =yl —y[m* —(m = k) elay w(|z —yl)

(13)

Let us briefly remind why, in the non-trivial case 0 < k < m — 1, estimate (I3]) holds in the setting
of normed-valued C™* mappings. Indeed, for each linear and continuous functional v* € V*, with
||lv*]|« = 1 (meaning the dual norm of V'), we have that v* o F' € C™(R"™,R) with

Di(v* o F)(z) =v* o D'F(z), z€R™ j=1,...,m.
Thus, using the notation

v (A)|| = sup{||v*(A(u1, ..., ur)) : ug,...,up € S" 1},
for every k-linear mapping A from R” to V, and defining

m—k
1 . .
A:(:,y,k = DkF(:E) o Z ?Dk—l—]F(y)(x - y)J7 z,y € an x 7£ Y, k = 07 cee, M — 17
j=0""

Taylor’s theorem applied to v* o F gives us, for all k =0,...,m — 1,

W Ay | ||P @7 0 P)@) = Sp ADH (0 o F)(y) (@ — )i
w(lz —yl)|z —y/m* w(lz — yl)|z —y|m*
L IDne e ) - D o P
N (m - k)' z€[z,y] w(|x - y|)
LU e D EE v D R L D) - D)
(m - k)' z€[z,y] w(’x - y‘) N (m - k)' z€[z,y] w(’x - y‘)

The Hahn-Banach Theorem in V provided us, for each k,z,y as above, with v* € V* so that
[v*|l« =1 and ||[v*(Azyx)|l = || Azy.k|l- Together with the previous estimates, this yields (I3]).
One can continue the estimate (I3) by using that D™F € C%“(R",V), thus deducing that

the resctriction of {F,DF,..., D"™F} to E defines an m-jet in jm’w(E, V). To show that those
8



m,w m,w

restrictions actually belong to V.Joo(E, V) is also very easy: because F € VC.,,

small(Rn7 V)7 given
€ > 0 there exists 6 > 0 so that

[D™F(u) = D"F(v)]| < ew(ju—wv]), |u—v| <0

Thus, assuming that |z —y| < §, and as obviously then |z —y| < ¢ for each z € [x,y], the right hand
side of (I3) is bounded from above by C'(m)e.

The case I' = large. Here we assume () for w and that F' € VCITZ;;)C(R", V), and estimate (I3)) in
the following manner. For any € > 0, let R > 0 so that |u —v| > R implies ||D™F(u) — D" F(v)| <
ew(|u — v]). Let us assume that | —y| > M, where M > R and its value will be specified in a
moment. For those z € [z, y] so that |z — y| > R, it is enough to write

ID"F(z) — D"F(y)] _ w(lz )
wle—o) = Cwllz—y)

IA

€.

For those z € [z, y] with |z — y| < R, we see that
[D™F(z) — D™ F(y)|l
w(lz —yl)

w(lz = y)) w(R)
§ HFHC'"“‘*’(R”,V)M é HFHC”""(R”,‘/)M'

Due to the assumption ([B), if M > R is large enough, then |z — y| > M implies that the last term
can be made smaller than e. This shows that the jet given by the restriction of {F, DF,...,D™F}
to E belongs to VJITZr’ge(E, V).

The case I' = far. Again we assume () for w and that F' € VC;Z;W (R™, V). Applying Lemma

for D™F € VC?;:(R”,ET”(R”, V), it follows that for every e > 0 there exists R > 0 so that if
u,v € R" with |u| > R, then

|D™F(u) — D™ F(v)]]

(14)
w(lu —v])
Also, by the condition (), we can find M > 0 (depending on &, R and w) so that
M >2R and w(2R) <ew(M/2). (15)

Now, let z,y € R™ be such that |z|, |y| > M. By the continuity of D™ F, we can find a point z € [z, y]
maximizing the supremum of the right-hand side of (I3). In the case where max(|y|,|z|) > R, then

ID™F(z) = D" F(y)|| < ew(ly — 2]) < ew(|z —yl),
by the bound (I4). And when |y|, |z| < R, we can estimate as in the case I' = large:

|D"F(=) — D"F(y)| w(lz =) W(2R)
é F Ym,w (TR N é F Ym,w (TR N
(7 =) 1E e en i S =y < W lleme @ Gy

But observe that, by the triangle inequality and (I5), we get |x—y| > M — R > M /2. In combination
with the second inequality of (IZ]), we infer that the last term is bounded above by

w(2R) w(2R)
|’F|’Om,w(Rn7v)m < HFHCm,w(Rny)m < HFHOm,w(Rny)E Se.

Thus, we have the desired estimate for all possible z € [z,y], and so (I3) gives that the restriction
of {F,DF,... . D™F} to E belongs to VJe." (E,V).
9



3. SUFFICIENCY OF THEOREM [L.1]

This section is devoted to the “if parts” of Theorem 7l We extend a jet from J™“(E, V) to
a C™*(R™ V) function while simultaneously preserving a given vanishing scale. As before, our
modulus w : (0,00) — (0,00) is non-decreasing, with lim; ,ow(t) = 0, and such that

t
5 < Cy,——, whenever 0<s<t< oo, (16)

w(s) = Cw(t)’

for some C,, > 0; or equivalently that
w(At) < Cydw(t), forall A>1,¢>0. (17)

The ﬁrst.reduction in the extension Problem is to notice that the unique continuous extension
Aof AeVINY(E,V) to the closure E of E satisfies

[l @y = Al gy and A€ VIRU(E,V), (18)

for each scale I' € {small, far, large}.

Indeed, this is possible since we are assuming that V' is a Banach space, and thus the functions
Ay € (Aq, ..., Ap) € A map Cauchy sequences of E to Cauchy sequences of LF(R™, V).

Since V' is Banach, so is £™(R", V). Thus if {z;} is Cauchy in E with a limit £ € E, then
{Ap(z;)} is Cauchy in L™(R"™, V), by the estimate

lAu (@) = Au@)ll S Al yy@(las — zil) > 0, mini,f) - so.

Thus the limit A,,(Z) := A, (Z) € L™(R", V) is uniquely determined and in this way we extend A,,
to E. Now the extension of the case k = m — 1, i.e. A,,_1 as A,,_1, follows by recursing from the
case k = m above and the definition of (Il). Thus for the extension problem, we can assume that
E C R™ is closed. In fact, only here we need the completeness of V. Thus, if the given set £ C R"
is closed, Theorem [[.7] holds for V' a normed space.

We next describe the linear extension operator defined by the classical Whitney decomposition
and the associated partition of unity. We remark that even if we restrict ourselves to the particular
case m = 0 and V = R, any simple variation of the infimal convolution formula, as mentioned

. . . . . ' ~0,

in the introduction, does not seem to provide an extension operator that maps VCFM(E,}R) —
- 0 o :

VCr”(R™,R), for any of the scales T' € {small, far, large}. Moreover, it is an obvious benefit that

the extension operator is linear, and of course any operator defined through an infimal convolution
formula is automatically non-linear.

Whitney partition of unity. We begin by recalling the main properties of the Whitney decomposition
of an open set into cubes. For a closed set F, the Whitney cubes associated with the open set R™\ E
is a collection @ of dyadic cubes with the following properties:

e There holds that (J5.o @ =R"\ E.
e For every @ € Q, there holds that d(Q, F) < diam(Q) < 4d(Q, E).
o If Q,Q' € Q are two distinct cubes, then int(Q) Nint(Q’) = @.

To construct a C* partition of unity associated with these cubes, for each ) € Q denote @* := 9/8Q
and let pg € E be a point (not necessarily unique) for which d(E, Q) = d(pg, Q). A C*°-Whitney
partition of unity is, in particular, a collection of functions {¢g : @ € Q} such that each ¢q is
supported on Q*. Many relevant properties hold for these families of cubes and functions, and we
refer to [17, Chapter VI] for a detailed exposition of this topic.

Proposition 3.1. The Whitney partition of unity satisfies the following properties.
10



(i) There holds that
Ue=Ue=r\E

QeQ QeQ
(ii) There exists a dimensional constant N(n) > 0 so that

> 1g- < N(n)
QeQ

i.e. every x € R"\ E is contained in a neighbourhood that intersects at most N(n) cubes of

the family {Q* : Q € Q}.
(i) There exists an absolute constant C' > 0 so that for all cubes @ € Q there holds that

lIpg —y| < Clxr —y|, whenever x€Q,ye€ E.
(iv) For each Q € Q, there holds that
0 <o < 1g-, pg € C(R").
(v) Partition of unity: for all x € R™\ E, there holds that
d o) = > polz)=1, > DFpo(z) =0, keN.
QeQ Q:Q*>x QeQ

Notice that the latter follows from the first and .
(vi) For each k € N, there exists a constant C(n,k) so that for all Q € Q and z € Q*, there
holds that

ID*pq(2)]| < C(n, k)d(z, B)~".

Now, given a jet A= {4}, € J"¥(E,V) and a point y € E, we define the polynomial

n % 1 n
PRV, Pla) =) AR (W) (@ - y)*, xR
k=0
And with these, the Whitney extension operator
Ao( ) reF,
WA = S po@)PAG),  zeRM\E. (19)

QeQ

Using the properties and it is easy to see that Wf € C°(R™\ E), and for every multi-index
a € (NU{0})", the a-partial derivative D*(Wf) : R™ \ E — V is given by

DWW => > ( >D%Q )D* PPl (x), zeR"\E. (20)
QeQ <L
Naturally, for any function G : R* — V, the B-partial derivative D?G(z) at = € R™ is defined as
8‘6|G B1 times Brn times
DPG() = z) = DPIG (@) (e, el Enr em),

(%cfl - Oz
where e; is the 7th unit vector.
A classical result is that for a V = R valued m-jet A € J""(E, V), there holds that

WA) € C™R V), WA |y < Alm, Co)lAllyme 1y, (21)

11



for a constant x(n,m,C,) depending only on n, m, and the constant C,, from (I6]). A proof can
be found in [I7, Chapter VI, p.175]. However, a small modification of the arguments therein shows

that 2I) is satisfied for all A € J™“(E, V), with an arbitrary normed space V.

Nevertheless, it seems very far from elementary to determine the action of the Whitney extension
operator ([I9) over the three vanishing scales. For each scale, we study pairs (x,y) and their relative
position with respect to E and |z — y|. Although this separation into cases will be the same for each
scale, we split the proof of Theorem [[.7] into three parts, with each of the scales presenting its own
particular difficulties.

During the proof we will fix an m-jet A € VI1“(E, V), whose norm ||A||jm,w(E vy < 00 s
considered to be an absolute constant. Moreover, we indicate the dependence on the dimension or
on the order of smoothness m in some estimates by including subscripts, e.g. Sn, Smy Snom - The
same applies for the constant C,, associated with the modulus w from (I6]). Thus, when using the
notation A < B, the constant C involved in the estimate A < C' - B is allowed to depend on n, m,
HAHjm’W(E,V) and C,.

To simplify notation, we denote by F':= W(A) the Whitney Extension (I9) and also P, = P;‘,
for each y € F.

We will use several times the estimates of the following Lemma [3:2] which are implicitly proved
in [17].

Lemma 3.2. Lety € E. Letx € R"\E and { = {(x) € E be a point that minimizes d(x, E) = |z—£].
Then,

(@) D™ F(@) = An()| S Cor5s (RAY.p0) + RA &) )
(b) D™ F (@) Sman Ygr2s BIA & p)le = €17

Proof.
a) Using multi-index notation, the polynomials P,, y € E, can be expressed as
y

Pye) = Y Ak -0 = 3 A - 0)’, (22)
k=0

where the Ags are defined as follows. For any multi-index f = (81,...,0,) € (NU{0})" of order
18] :== 23251 Bj <m, and y € E, we set

1 times Br times
e N e N
Ap(y) == A (y) (1, 15 Enye s en); (23)
where e; is the ith unit vector. Also, for any such g and z = (z1,...,2,) € R", we denote

P = 2151--'25”.

The second identity in (22)) follows from the symmetry and the k-linearity of the Axs’ and a basic
combinatorial argument. Thus, for every multi-index « € (N U {0})" of order |a| = m, one has
D*Py(z) = Aq(y), for every x € R™ and y € E. Now, to show part it is enough to show that
for each multi-index « of order |a| = m, there holds that

ID°F (@) = Aa)ll Smn > (R(A9,p0) + RIA£,pq)). (24)
Q*>x

Then, using the multilinearity of D™ F(z) — Ay, (y), the bound [(a)] follows.
12



Also, by property >0 DV¢q(x) = 0 for any multi-index « with [y| > 1. These observations
and formula (20)) permit to write, for z € R™\ E, y € E, and for a multi-index « of order |a| =

DF(x) = Aa(y) = > D*(pq " Po)(@) Zcpcg 10) — Aa(y)) +
Q
DYDY <5> D () <D5PPQ ) DR)
Q p<a,f#a

The first term is estimated using the definition of R(A,-,-) @):
|3 va(@) (Aalpe) = Aal)) || < 3 I14alp) — Aalw)| < 3 R(Ayp0).
Q Q*>x Q*3z

For the second term, we take into account that the polynomials P, — P¢ have degree up to m,
and so, for |5 < m,

DﬁPpQ(x) — DBP£($) Z 1 [Dﬁ-i-’y(p _ Pg)(ﬁ)] (x — &)
[y|<m— \5|
= Y [0 Re© - ()] -
Y|<m—18]

- Z 5 Z %A5+B+v(p62)(§ - pQ)6 —Agy (9] (z =€),

!
ri<m—161 7" [1sl<m=]-+]
Now from the formula (2), it follows that

m—|B]

1D° Ppg (z) = DPPe(w)l| < Y R(AEpQ)lé — pol™ 17w — &), (25)
7=0

This estimate and property and also |a| = m, lead us to

[~ 5 (5)r et (DRt - D°Re) |

Q B<a,fFo

<Cn,m) Y, Y Ja— ¢ NDAR,, (x) — D Pe(x)]|
Q*3z B<a, f#a

m—1m—k m—k—j
- P
Com) 3 R cr) Y Y () < ctm) Y RAEro). 20
Q*>x k=0 j5=0 Q*>z
where in the last bound we used that [ — pg| < Clz — €|, for an absolute constant C, by [(iii)]

(b) The proof is very similar to that of @ Since the polynomials have degree up to m, if a is a
multi-index with order |a| = m + 1, then

DFx) =Y Y <g> D* Pog(x)DP By ()

Q B<alBl<m

=> > <2>D°“%Q(w) (DﬁPpQ(:n)—Dﬁpg(x)).

Q B<a|Bl<m
13



By the estimate (2]), the arguments that led us to (26) and to the conclusion of [(a)] we derive

IDF ()| < C(n,m) Y~ Y 3 |le = &7 RIDOB,, (2) — DY Pe(a)|

Q*>x k=0 |B|=k
<C(n,m) Y R(AEp)le — &7

Q*3z
Then, using the multilinearity of D™ F(z) the bound [(b)| follows. O
Proof of Theorem [L7 for T = small. Given A € Voo (E, V), we show that F € VCoey(R™, V),
i.e. that Dm Dm
i 1D = DEG)] _
[w—y] -0 w(|z —yl)
uniformly on z,y € R™. Denote
S(t) ::sup{M :u,vEE,0<]u—v\§t}, (27)
w(|u = vl)

understanding that S(¢) = 0 if there is no such couple u,v € E with 0 < |u — v| < t. We have that
S(t) = 0 as t — 0 and S(¢) < [|Al|yme 1. We distinguish three possible situations for any couple
of distinct points =,y € R”, where at least one of them is outside F.

Case 1. Assume z € R"\ F and y € E.

By the property Bl in Proposition if z € Q* and u € E, then |pg — u| < C|z — ul, for some
absolute constant C' > 0. Applying this when u is equal to the given y, and also when u = £ for
some § = {(z) € E that minimizes d(z, E) = |z — |, we obtain that

lpQ —yl < Clz—yl, and |pg—¢| < Clz—¢=Cd(x, E) < Clz —yl.
Together with Lemma and the definition of S, we find that
|ID™F(z) = D" F(y)|| = |[D™F(z) — Am(y)
S <R(«4,y,pQ) + R(A,é,pcg))
Q*>x
< > Sl — pehw(ly — pal) + (1€ = pal)w( — pal)
Q*3z
Sn S(Clz = ylw(lz — yl),
where we used property (I7) of w in the last inequality. Therefore
|D™F(z) — D™F(y)
w(lz —yl)
and the right-hand side tends to zero as |z — y| — 0.

Case 2. Assume that z,y € R" \ E and d([z,y],E) < |z — y|. Pick z € [z,y] and p € E
minimizing d([z,y], F) = |z — p|. Then,

I < s —y). (28)

[z —pl <lz—zl+|z—pl <[z —yl+ |z -yl =2z -y

and the same holds for |y — p|. Then |z — p|, |y — p| < 2|z — y| and applying the estimate (28] from
Case 1 (for z € R\ F and p € E, and for y € R"\ E and p € F) we obtain,

D™ F(x) = D™ F(y)|| < [|D"F(x) = D™F(p)|| + [[D™F(p) — D™ F(y)]|
S 5201z — yhw(2|z — yl),

which is a bound of the correct form.
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Case 3. Assume z,y € R"\ E, and d([z,y], F) > |z — y|. Here we use the assumption
limy_o t/w(t) = 0.
Let us begin with a computation for arbitrary z € R™ \ E. Let £ = {(z) € F minimize d(z,E) =

|z —&£|. Then, using first Lemma then the definition of S in (27)), and lastly the point of
Proposition B.1] we get

- R(A o) _ - wllpg —€)S(pg — &) _ w(d(z B))S(C d(z B))
Iom e 5 3 Toegt < 3 SR s ey

In the last inequality, together with we used the fact that every point of R™ \ E is contained
in at most N(n) cubes @* as well as property ([7) of w. As D™F is differentiable on R™ \ E and
the segment [z,y] lies outside E, by the mean value inequality (for normed-valued mappings) and
the above estimate we obtain

HD F(.Z') -D F(y)H < ‘.’L’ _y‘ sup ||Dm+1F(Z)|| Sn sup Uz(x,y); (29)
w(|z —yl) w(lz = Yl) zefry) 2€[zy]

e o=yl w(d(E)
r—y| w(d(z,FE
U,(x,y) = S(Cd(z, F)).
(I RCY2 B
Now we fix z € [z,y] and we consider the behaviour of d(z,E) as |z — y| tends to zero. By
lim;_,0 S(t) = 0, we have the following: for any £ > 0, let § > 0 be so that S(¢) < e, whenever ¢ < §.

First, if C' d(z, E) < 4, then by |z — y| < d(z, F) and property (I0) for w, we obtain
U,(z,y) SS(Cd(z,F)) <e.

On the other hand, if C' d(z,E) > §, we use the property (I0) of w and that S < ||A||jm,w(E vy to
bound

|z —y|
Us(z,y) Ss ——— - 1+ || Ay S
w(lz —yl) JEY)

now the right-hand side tends to zero as |x — y| tends to 0, by the condition (). We conclude from
the above cases and (29) that | D™ F(z) — D™ F(y)||/w(|]z —y|) — 0 as |x — y| — 0, uniformly. O

Proof of Theorem[L7 for T' = large. Let A € VJ;Z;ZC(E, V) and we show that F € V'C;Zr’ge(R", V).

Denote

R(A,u,v)
L(t) := sup {%

w(lu — o)
so that L(t) < HAHjm,w(E vy» L is non-increasing, and L(t) — 0 as t — co. We understand S(t) =0
when there are no u,v € E with |u —v| > t.

Case 1. Let z e R"\ F and y € E.

For each cube Q € Q so that x € Q*, we have |pg — y| < C|z — y| for an absolute constant
C; see Let £ = {(x) € E minimize d(x,E) = |z — &|. In this case, although we are letting
|z — y| — oo, we do not know whether [pg — y| or [pg — &| are large or not. Therefore, we need to
study the behaviour of [pg — z|, for z € {y,&} as | —y| — oo. Given € > 0, we choose M > 0 large
enough so that L(M) < e. Note that such an M > 0 exists due to the property tligloL(t) = 0. Also,

using w(oo) = oo, we find K > M such that w(t) > e~ 'w(M), provided that t > K.
Let us assume that |[x —y| > K, and examine two cases separately. If [pg — z| > M, then
L(lpg — #]) < L(M) and so

R(A, z,pq)
w(lz —yl)

s u,v € F |u—v|2t},

w(Clz —yl)

< L(lpg — 2\)M < L(M) w(lz —y|)

w(lz —yl)
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<L(M) <. (30)



On the other hand, if [pg — 2| < M, then the assumption |z —y| > K gives
R(A, z,p9) _ wilz —pel) . _w(M)
“(BV) ~ —
w(|z —yl) w(lz —yl) ~ w(lz—yl)

We have used that if z € {y,¢}, then [pg — z| < C|z — 2| < Clz — y|, by virtue of [(iii)] Thus the
bounds (3I]) and (30) tell us that regardless of the size of [pg — z|, we have

< [l Allym (31)

R(A z,pq)
PAEPQ) < ey, ). 32
S .6} (52)
From the bound (B82), the fact that D™ F(y ) = Am(y) and Lemma we obtain
|D™F(x) = D"F(y)ll _ ID"F(z) = An)] T R(Ay.pg) | RAEPO) o |
w(|z —yl) (\x—y\ Z A\ w(z—y)  wlz—y)) /)"
Q*3z

whenever |z —y| > K.

Case 2. Assume z,y € R"\ E, and d([z,y],E) < |z —y|. Let p = p(x,y) € E minimize
d([z,y], E). Then, again, |x — p|, |y — p| < 2|z — y|. As in Case 1, given € > 0, there exists M > 0
(independent of x € R™ \ E and p € E) such that: if |z — p| > M, then

ID™F(x) = D" F(p)|| < ew(lz —pl) < ew(2|z —yl) < ew(lz —y)). (33)

Now, consider |z —p| < M and let K > 0 be so large that ew(K) > w(M). Now if also |z —y| > K,
then we have

D™ F(x) = D™ F ()| < |Fll¢m.o@nyywllz —pl) S wM) < ew(K) <ew(lz—yl).  (34)

We used above the fact that the Whitney extension is a bounded operator. Combining (33) and
(B4), we obtain

wp 1D"F@) = D"F)|

s O () B (35)

~

And the same bound holds with y in place of z; thus by triangle inequality,
| D™ F(x) — D™ F(y)|

sup

lo—y|>K w(lz —yl)
D"F(x)— D™F D"F(p) — D™F
oy IDTF@-DTEW) D7) - D EG)
|le—y|>K w(‘x - y‘) le—y|>K w(‘x - y’)

Case 3. Assume z,y € R"\ E and d([z,y], E) > |z — y|.

For any £ > 0, let M > 0 be so that L(M) < ¢ and also choose K > M so that ew(K) >
For any two points u,v € E, we have either R(A,u,v) < ew(ju —v|) (when |u —v| > M) or
R(A, u,v) < [|Allyyme g yyw(M) (when |u —v] < M). In other words,

R(A,u,v) S max{ew(|u —v|),w(M)}, forall wu,v€E. (36)
Let z € [z,y] and let £ = {(2) € E minimize d(z, E) = |z — £|. Employing first Lemma
then (36]), and property of Proposition B.I] we derive
R(A,€,pq) R(A,€,pq)

Dm+1F <n 'Sy <n 'Sy 37

” (Z)H ~ 622*9:2 d(Z, E) ~ Qeléllaé(*gz d(Z, E) ( )
ey MO(ewlpo — ). wON) _ max{ew(d(z ), w(M)}

QeQ:Q*3z d(z, E) ~ d(z, E)
16
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We used the fact that when z € Q*, then |pg — & < Clz — &|. Then (BE)) and the mean value
inequality (for normed-valued mappings) give

[D"Fa) = D FG)| _ eyl g
P R B L »

<. sup |z —y| max{ew(d(z, E)),w(M)}

~" z€[x,y] w(’x - y‘) d(Z,E) )

By property ([I8) of w and d(z, E) > |x — y|, for all z € [z,y], we continue,

su max ‘x _ y‘ w(M) max M
RHS@D S sup {E’wosc—y\)d(z,E)}S {E’wux—y\)}' (40)

Recalling that ew(K) > w(M) we conclude

p LD ¢y f 0
|z—y|>K w(‘x - y’) le—y|>K w(’x - y‘)

Proof of Theorem [L71 when T' = far. Here we assume that w(co) = co. We denote
D(t) := Sup{R(A’u’v) tu,v € B, max(|ul, [v]) > t} ,

w(lu—vl) -
so that D(t) < ||A||jm,w(E vy and D is non-increasing, and moreover, thanks to Lemma 2.2} that
D(t) — 0 as t — co. We show that

D"F(x) — DM™F
b wp LD"E@) - DR

K—o0 z,yER™ w(‘x _y’)
min(|z],|y[)>K

=0.

Case 1. Let x € R"\ E, y € E. Given € > 0, let M > 0 be such that D(M) < e. We
consider |x| > K > M for a large constant K to be soon determined. Let £ = {(z) € E minimize
d(z,E) = |z — £|. Applying Lemma and bearing in mind the property we find a cube
Q. € Q with z € (Q,)*, and z € {£,y} so that

w(lz —yl) w(lz —yl) ~w(lz —yl)
S e

The last inequality is a consequence of the definition of D(t). Now, if either |pg,| > M or
|z| > M, the minimum in the term (A1) is smaller than ¢ due to the choice of M. And because
Ipg, —z| < Clz—y| for an absolute constant C' > 0 (see|(iii)|); we conclude that (@Il) is bounded by an
absolute multiple of € in this particular case. And if |pg,| < M and |z| < M, then |pg, — 2| < 2M,
and so w(|pg, — 2|) S w(M) and we bound

w(M) w(M)
RHS () < < .
w(llz] = M[) ~ w(K — M)
By w(o0) = oo the right-hand side is smaller than e provided that K > M is taken sufficiently
large.

Case 2. Assume z,y € R"\ E and d([z,y], E) < |z — y|.
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Let e > 0 and let R > 0 be as in Case 1. Suppose that |z|,|y| > K. Let p € E be such that
d([z,y], E) = d([z,y],p), and then |x — p|, |y — p| < 2|z — y|, as we have already seen several times.
By Case 1 applied to the pairs of points x € R*\ E, p€ E and y € R"\ E, p € E, we have

ID"F(z) = D"F(p)l| S ew(lz —pl), D" F(y) — D"F(p)|| < ew(ly — pl)-

Thus the claim follows by triangle inequality.

Case 3. Assume z,y € R"\ E and d([z,y], E) > |z — y|.

Let ¢ > 0, and K > M be the parameters we used in Case 1. Note that we can enlarge K if
necessary so as to satisfy

K >2M and w(M)<ew(K). (42)
Note that condition (B guarantees the existence of such K. Let us also assume that |z| > K.
Following the lines ([B7) and ([B9), we find 2z € [z,y], a point £ = £(z) € E minimizing d(z, E) =
|z — €|, and a cube @, € Q with z € Q* so that
|D™F(z) - D"Fy)ll . |z —yl R(AE&pq.)
w(lz —yl) ~w(lz—yl)  d(z E)
First of all, observe that when [{| > M or |pg. | > M, then R(A,{,pg.) < ew(|§ — pg.|), with
€ —pg.| < Cl§ — 2| = Cd(z, E). Thus, in this particular subcase, using (I6) we can estimate
[z —yl wld(z E))

SIS Lo yl) d(e,B) © ¥ ° .

(43)

Therefore, we will assume from now on that €|, |pg.| < M. Now, we look at the last numerator
in (43); observe that, by the definition of R(A,&,pq,), and the fact that F' extends the jet A from

E to R™, we can find some k € {0,...,m} and some { € [£,pg.] so that

14K(€) = X7 1 Akt (. ) (€ — po.)l
" :
(A7£7sz) S lf_sz‘m_k

IDMF(§) = Y75 5D F(po.)(€ = po.) .
= T SIIDMF(E) = D™ F(pg.)l-  (49)
€ —pq.|
Now, since F' € C'm’w(Rna V) with ||F||Cm,w(Rn,v) fm,m,cw ||A||jm’w(E,v), and |£~_sz| < |£ _sz| <
2M, we can combine the estimates ([43]) and (@3] to derive

ID"F@) =D F@I - o=yl |D"F@ - D" Fe
N e T i )
ey Wl —pel) . Jr—y| w(M)
Sl Gz —yl) dmE)  ~C ey dE) 0

To complete the proof, observe that ([@2) gives
d(z,E) = [z =& = [z - [§| = K = M > K2,
and w(M) < ew(K) S, ew(d(z, E)). By plugging this estimate into RHS(#6]) we obtain
ID"F(a) = D" PG| o=yl wld:E)
w(|z —yl) w(lz —yl) d(z E)

the last bound being a consequence of (6] and |z — y| < d(z, E).
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