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WEAK POROSITY ON METRIC MEASURE SPACES
CARLOS MUDARRA

ABSTRACT. We characterize the subsets E of a metric space X with doubling measure
whose distance function to some negative power dist(-, E)~* belongs to the Muckenhoupt
A; class of weights in X. To this end, we introduce the weakly porous sets in this setting,
and show that, along with certain doubling-type conditions for the sizes of the largest E-free
holes, these sets characterize the mentioned A;-property. We exhibit examples showing the
optimality of these conditions, and simplify them in the particular case where the underlying
measure satisfies a qualitative annular decay property. In addition, we use some of these
distance functions as a new and simple method to explicitly construct doubling weights in
R™ that do not belong to A.

1. INTRODUCTION AND MAIN RESULTS

The classes of Muckenhoupt A, weights play a central role in harmonic and geometric
analysis, and in potential theory both in R™ and in metric measure spaces. Among other
relevant properties, they characterize the weights w for which the Hardy-Littlewood maximal
function defines a bounded operator between the appropriate weighted LP-spaces. Also,
provided the underlying measure supports a (1,1)-Poincaré inequality and the weight w
belongs to the A, class, then the corresponding w-weighted (1, p)-Poincaré inequality holds
true; see e.g., [4]. Moreover, they are crucial in understanding the structure of the functions
of bounded mean oscillation and the classes of quasiconformal mappings. For background
about the theory of A, weights and related issues in harmonic analysis and potential theory
in Euclidean and in metric measure spaces, we refer to the monographs by A. Bjorn and
J. Bjorn [2], Heinonen, Kilpelédinen, and Martio [11], Kinnunen, Lehrbéck, and Véhékangas
[13], and Strémberg and Torchinsky [19].

Our framework will be a complete metric space (X, d) equipped with a doubling Borel
regular measure p. We are interested in the A,-properties of the weights of the form
Wo,p(r) = dist(z, E)™, x € X, for subsets E of X. The fundamental starting point for
the results in this paper is our recent work [1]. There, we considered the class of weakly
porous sets in R™ equipped with the Lebesgue measure, and proved that this is precisely
the class of sets E for which w, g € A;(R™) for some o > 0. Moreover, we introduced the
concept of Muckenhoupt exponent for a set F, which permitted us to quantify the range of
those a for which w, g € A;(R™). Furthermore, in [1] we constructed examples of sets E for
which dist(-, E)~* € A, \ A; for every @ > 0 and p > 1.

Previously, Vasin [20] obtained the corresponding A;-characterization for subsets E con-
tained in the one-dimensional torus T. Also, in [7], Dyda, Thnatsyeva, Lehrbéack, Tuominen,
and Vahakangas studied the A,-properties of distance functions to porous sets, and ap-
plied their results to obtain certain weighted Hardy-Sobolev inequalities. See also Semmes’
work [18] (in Section 4) for results on the strong A condition of some weights given by
distance functions to uniformly disconnected sets. A detailed study of the Minkowski and
Hausdorff dimensions of porous and locally porous sets can be found in the paper of Salli
[17]. For results concerning the Assouad dimension and spectrum of porous and/or fractals
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sets, and their distorsion under quasiconformal maps, we refer, for instance, to the papers
of Chrontsios-Garitsis and Tyson [6], Luukkainen [16], and Fraser and Yu [10], and the
references therein. Finally, see the monograph [8] by Falconer, for a thorough exposition of
fractal geometry and their applications.

The Muckenhoupt A;(X) class of weights is the smallest among all the classes A,(X),
with p > 1. We recall that a weight w (a nonnegative locally integrable function in X)
belongs to A;(X) if there exists some constant C' > 0 for which

][ w(x)du(z) < Cess iéqfw(x), for every ball B C X.
B S

This A;j-condition characterizes the weights w for which the maximal function M defines a
bounded operator between the weighted spaces M : L'(X, wdu) — L»°(X,wdu).

The main goal of this paper is to obtain characterizations of the property w, g € A;(X)
for some v > 0 similar to those in [1], when the underlying space is a metric space (X, d, i)
with a doubling measure. In order to solve this problem, we consider the following size of
the mazimal E-free holes, namely, if B = B(x, R), we set

hg(B) :=sup{0 < r < 2R : there exists y € X with B(y,r) C B(z,R) \ E}.

Then we define the weakly porous sets of X as those E C X for which there are two
constants ¢, 0 € (0,1) such that every open ball B = B(x, R) C X contains finitely many
non-overlapping open balls {B; = B(x;,r;)}Y, containing no point of £ with

N
Ohg(B)<r;<2R, i=1,...,N, and Z,u(BZ-) > cu(B).
i=1

Unlike in the case where X = R", the weak porosity does not provide a characterization by
itself, and certain doubling-type behavior for the quantity hg is needed, that is, hg(2B) <
hg(B) for all balls B. Along with this doubling property, the condition of weak porosity
provides a complete characterization, and our first main result is the following.

Theorem 1.1. Let E C X be a subset. Then, the following statements are equivalent:

(A) E is weakly porous and hg satisfies the doubling condition.
(B) There exists a > 0 for which dist(-, F)~* € A;(X).

The proof of this theorem is given in Section 6. Notice that, for positive powers 5 > 0,
the weight v = dist(-, £)? belongs to A;(X) only when E is dense in X, i.e., when v is
identically zero. The definitions of a weakly porous set and the doubling condition for hg
are restated in Definitions 3.1 and 3.4 below.

When X = R" is equipped with the Lebesgue measure, we proved in [1] that hp always
satisfies the doubling condition for weakly porous sets E, and thus the second assumption
in Theorem 1.1(A) is unnecessary in this setting. However, there are connected metric
spaces with doubling measure containing subsets E that are weakly porous and yet hg is
not doubling. This will be shown in this paper via Example 8.1 in Section 8, where we
further prove that for such weakly porous set F, the functions dist(-, £)~, a > 0, do not
even define doubling weights.

In addition, we give an example of a set £ C R for which all the functions of the form
dist(-, F)~, with a < 1, define weights in R, the maximal F-free hole hg is doubling, and
still £ is not weakly porous. Thus we show that the properties of weak porosity and doubling
maximal holes are independent of each other in the general setting. Remarkably, this set £
is so that, for all & < 1, a # 0, dist(-, F)~® defines a doubling weight that does not belong
to any A,(R) class, thus providing a new family of doubling weight functions that are not
in A (R). The first example of such weights was by Fefferman and Muckenhoupt [9].
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Theorem 1.2. Endow R with the usual distance and the Lebesgue measure. Then there
erists . C R with doubling maximal holes hg, and so that, for all o < 1, a # 0, the
function w,, := dist(-, E)~® is a doubling weight in R that does not belong to A (R).

In particular, E is not weakly porous.

The proof of this theorem is given in Section 8.2. This theorem has an obvious general-
ization to R™, by replacing £ C R with £ x R*~! C R"; see Remark 8.5.

We will reformulate Theorem 1.2 with more details in Example 8.3, but here we offer a
brief description of the set E. We begin with the two-point set Ey = {0, 1}, and define E;
by chaining, from left to right, the set FEy, a 1/2-contraction of a copy of Fy, and finally
another copy of Ey. With the same procedure we define recursively Es, Fs, ..., and let E+
be the union of all the E,,’s. It is precisely this palindromic distribution of the various copies
of Ey which allows to show the doubling properties of the theorem. The desired set FE is
merely the symmetrization of E+ about the origin.

It is also worth noticing the beautiful example by Wik [21, p. 253] of a doubling weight
w in R with w ¢ Ao (R). Wik’s example can be seen as a distance function to a set F
constructed by chaining bounded sets {F,},, where each F,, contains in turn infinitely
many copies of (arbitrarily) small 2-*-contractions of the previous F,,_;. The initial set F
is also a two-point set. As in our construction, these sets are conveniently chained in a
symmetric way. The set E in Theorem 1.2 is, perhaps, simpler, as each of the main blocks
E,, of our construction is a finite set whose smallest gap has size 27". Also, the advantage of
our Theorem 1.2 is that, besides showing that hg is doubling, it tells us that all the powers
{dist(-, )" }ae(—o0,1)\{0}, are doubling weights outside the A (R) class.

Going back to the general setting, if our metric measure space (X,d, ) additionally
satisfies a weak version of the standard annular decay property (29), the situation changes
and the doubling condition for hp is a consequence of the weak porosity of E. The resulting
A;-characterization is therefore as clean as in R™.

Theorem 1.3. Assume that (X,d, ) satisfies the annular decay property (29), and let
E C X be a subset. Then, the following statements are equivalent:

(A”) E is weakly porous.
(B’) There exists a > 0 for which dist(-, F)~* € A;(X).

For the proof of our results, we will formulate a condition of dyadic weak porosity for
subsets of X; see Definition 3.3. This formulation is given in terms of a system of adjacent
dyadic grids in doubling metric spaces, which provide partitions of the space at all scales,
into sets that enjoy many of the good properties of the usual dyadic grids of cubes in R™.
They have proven to be instrumental in harmonic and geometric analysis in metric spaces;
as shown, for instance, by the classical and recent works of Christ [5], Hytonen and Kairema
[12], and Kéenmaki, Rajala and Suomala [14]. We additionally prove some estimates for
the measures of the e-boundaries of dyadic sets. These estimates were obtained by Christ
[5] for the corresponding Christ’s (open) cubes, as well as by Hyténen and Kairema [12] for
the half-open cubes in a probabilistic form.

Using this dyadic formulation of weak porosity, the idea of proof of Theorem 1.1 is inspired
by that in the Euclidean setting from [1]. We decompose each dyadic set into carefully chosen
E-free descendants that conveniently depend on the parameters of weak porosity of the set
E. By means of a dyadic iteration and employing the assumption that the maximal E-free
holes hg is doubling, we obtain a discrete and quantitative lower estimate for the sizes of
the maximal holes in terms of the maximal holes of those dyadic descendants; see Lemma
5.3. Finally, we prove the Aj-estimates over every dyadic set of the systems, making use of
the mentioned estimates for the measures of the e-boundaries.

Dealing with systems of dyadic sets in our proofs will lead us to several technicalities.
However, there are two main reasons for wanting to use them. 1) There is a suitable partial
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order between the dyadic sets that allows to derive many properties for the size of the largest
(dyadic) E-free holes, as well as the key discrete lower estimate for the maximal holes of
a dyadic set in terms of the ones of its descendants. 2) Even if we were able to obtain
such a key estimate for some balls at various scales, it would not be possible to estimate
integrals of the type f,dist(-, E)™7 in terms of rad(B)~7, e.g., when B is close to E. This
is mainly due to the fact that there is no control on the measure of an e-neighborhood of
0B within B, as the measure of a ball may be concentrated near the boundary in arbitrary
metric spaces with doubling measure. However, the same integral averages replacing balls
B with a dyadic set () can be estimated from above by a power of the length of (), if one
uses conveniently the quantitative (with power-type rate) estimates we will prove for the
measure of the e-boundaries of the dyadic sets of the systems; see Sections 6.2 and 6.3.

As concerns the proof of Theorem 1.3, we first show a lemma of rescaling (Lemma 7.1)
that essentially allows us to utilize E-free admissible balls with very small radii in the
definition of weak porosity. Together with the assumption (29), this enables us to obtain
certain absolute continuity of the maximal F-free holes of balls with respect to their radii,
and this leads us to the doubling property for hg; see Lemma 7.2. Then, Theorem 1.3
follows as a consequence of Theorem 1.1.

The structure of the paper is as follows. In Section 2, we collect some basic properties
of Muckenhoupt weights and also explain and prove the properties of the systems of dyadic
sets we will be using. In Section 3, we define the concepts of weak porosity and dyadic weak
porosity, along with the doubling conditions for the size of the largest free holes associated
with a set, and prove the relevant relationships. In Section 4, we give the proof of the
implication (A) = (B) in Theorem 1.1. Sections 5 and 6 are devoted to the proof of the
converse implication of Theorem 1.1, Lemma 5.3 being one of the key ingredients. Then, in
Section 6, we prove the desired Aj-estimates for the weight dist(-, £)~“. In Section 7, we
prove Theorem 1.3, and we also show how a variant of the dyadic weak porosity condition,
called absolute dyadic weak porosity, provides another characterization of the sets E for
which dist(-, £)~* € A;(X) in the general setting; see Corollary 7.4. In Section 8, we
give two examples that prove that the properties of weak porosity and doubling maximal
free holes do not imply each other, and also construct new doubling weights that are not
in A (R), thus proving Theorem 1.2. Finally, in Section 9, we define the Muckenhoupt
exponent associated with a set and we use it to determine the exponents a for which
dist(-, E)~* € A,, for a given 1 < p < oo.
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acknowledge financial support from the Academy of Finland via the project “Geometric
Analysis” (grant No. 323960) and from the Research Council of Norway via the project
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2. PRELIMINARY CONCEPTS AND SYSTEMS OF DYADIC SETS

The underlying space we will be working on is a complete metric space (X, d). For every
x € X and r > 0, the open ball centered at x and with radius » > 0 is denoted by

B(z,r):={ye X : d(z,y) <r}.

We will denote the distance between any two subsets E, F' C X by dist(F, F') := inf{d(x,y) :
x € E,y € F}, and the distance from a point p € X to a subset E by dist(p, E) :=
inf{d(p,z) : = € E}.

In addition, we endow (X,d) with a complete Borel regular measure p, satisfying the
following standard doubling condition: the existence of a constant C, > 0 for which

0<pu(B(z,2r)) <C,u(B(z,r)) <oo, foral zelX,r>0. (1)
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Notice that then 0 < u(B) < oo for every ball B. Condition (1) implies that X is separable,
and also proper, meaning that every closed and bounded set is compact.

Since our metric space (X, d) supports a doubling measure (1) p, the space (X,d) is
geometrically doubling, meaning that there exists N € N so that for every x € X and r > 0,
the ball B(z,r) can be covered by at most N balls B(x1,7/2),..., B(zy,r/2). The smallest
of those N € N is called the geometric doubling constant, and is related to our constant C,.

We will also use the notation

ﬁ wdp = ﬁ / w(z) du()

for the mean value integral over a measurable set F' C X with 0 < p(F) < oo. Also, in
some cases we will denote by w(F') the integral [, wdpu, for any weight w and F C X a
measurable subset.

A weight w in X is any nonnegative and locally integrable function of X. We next remind
the reader the definition of an A, weight, for 1 <p < oo.

Definition 2.1. A weight w in X belongs to the Muckenhoupt class A; if there exists a
constant C' > 0 such that

][ wdp < C essinfw(x), (2)
B zeB

for every ball B C X. The smallest possible constant C' in (2) is called the A; constant of
w, and it is denoted by [w] ;.
Also, for 1 < p < 0o, a weight belongs to the Muckenhoupt class A,(X) if

[w]a, = sup (]{deu) (]{3 Wi du)pl < 00, (3)

where the supremum is taken over all balls B of X.

The inclusions A,(X) C A,(X) hold for any 1 < p < ¢ < oc.
A straightforward consequence of the Holder inequality in combination with (1) is that a
weight w belonging to any of these A,-classes satisfies the following doubling property:

w(B(z,2R)) < C(p, [w]a,, C,)w(B(xz, R)) forevery z € X, R>0.
This fact will be used in Section 8. A less elementary property of A, weights is their well-
known self-improvement; see [15, Lemma 2.12] in combination with [19, Theorem I.15]. We

state it together with an additional property involving powers of Muckenhoupt weights, the
proof of which is identical to that of [1, Lemma 2.3].

P

Proposition 2.2. The following two properties hold.

(1) fw e Ap(X) for 1 < p < o0, there exists s = s(p, [w]a,,C,) > 1sothat w® € A,(X).
(2) fw € A1(X), and s > 0 is so that w* € |J,., Ap(X), then w® € A;(X) as well.

A fundamental tool in the proof of our results is the systems of adjacent dyadic sets.
These systems can be constructed in any geometrically doubling metric (or even quasi-
metric) space. They provide partitions of the space X into mutually disjoint sets at every
scale, and enjoy very similar properties to those of the dyadic cubes in R™. The Christ’s
construction [5] provided an almost everywhere-covering of X, via open sets satisfying these
properties. More recent developments of this technique provided a finite collection of systems
of dyadic half-open sets, with the additional properties that their union cover all points of
X, and every ball of radius r is contained in a dyadic set of one of these systems that has
length approximately r. Our main reference here will be the paper by Hytonen and Kairema
[12], where a probabilistic approach is used to obtain further properties for this construction
that lead to sharp weighted norm inequalities for the maximal function operator. It is also
worth mentioning the work by Kéenméki, Rajala, and Suomala [14, Theorem 2.1], where
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similar constructions of dyadic sets were developed and applied to prove the existence of
doubling measures in geometrically-doubling metric spaces.

The following result is contained in [12, Theorem 4.1-Remark 4.13] for the more general
setting of (geometrically) doubling quasi-metric spaces.

Proposition 2.3. Fiz 0 < 6 < 1/1000. For everyk € Z andt=1,..., T =T(0,C,) € N,
there exist a countable set of points {zFt:a € A} C X, and a collection Dy = {QF:av € Ay}
of Borel subsets of X such that

(1) X = LﬂaeAk QFt for every k € Z and everyt =1 ..., T;
(2) If Q¥',Q} € Dy and 1 > k, then

either Qlﬁ’t C Q’;’t or Qg’t N Qllét =0,

for everyt=1,...,T;
(3) for every Q%' € D; we have

B(zF ab*) c QM c B(R, A%,

where 0 < a < A < oo are absolute constants;
(4) for every ball B = B(x,r) there exists a cube Q € D := \J_, D, such that B C Q

and Q = Q% for some indices o and t, and k being the unique integer such that
9k+2 <r< 91@—1—1_

To each of the collections D; we will refer as a grid or dyadic grid of D. And each set Q"
of these collections will be called a dyadic cube or a dyadic set.

If Q € D, then Q = Q%! for some k € Z, a € Ay, t € {1,...,T}. We will say that the
generation of Q is g(Q) = k, and that z = 25t is the reference point of Q = Q"

It may occur that two cubes @, Q" € D belong to different grids D;, Dy and still Q = @’
as sets of points. In this case, @ and @' are considered different cubes. Whenever we are
given a cube ) € D, we understand that @ is in a fixed grid D;, and so its reference point
and its generation are taken with respect to the grid D;.

If Qo € D, then Qy € D, for some t, and by D(Q)y) we denote the family of all the cubes
@ in the same grid D, that are contained in )y and such that g(Q) > g(Qo). Thus we can
informally say that D(Qy) is the collection of all the dyadic descendants of Qg. Also, note
that if @ € D(Qy), then D(Q) C D(Qo). We include the lower bound ¢(Q) > g(Qo) in the
definition of D(Qy), because in certain metric spaces X, (e.g., when X is bounded), a dyadic
set Qg may very well coincide with all its ancestors, leading us to generations unbounded
from below. By the properties of the dyadic systems we have

Qo = U{Q € D(Qo) : 9(Q) = g(Qo) + 1} for every €N,

and the union is disjoint, for each @y € D.

It is important to notice that, even when two cubes @), ' in a common grid D; are
equal as sets of points, their generations may differ. The generation function is monotonic
only when the inclusions between the cubes are proper. This is clarified in the following
remark. We also include an additional basic property that we will take into account in
several arguments in the paper.

Lemma 2.4. Let P, P’ € D; be cubes in the same grid D;. The following holds
(i) If P C P', then g(P') < g(P).
(it) If g(P) = g(P") and PN P" # (), then they are exactly the same cube, meaning that,
not only P = P’ as sets, but also their labels (o, g(P)) and (5, g(P’")) coincide.
(111) If P € D(P') and | = g(P) — g(P') > 1, then there ezists a (unique) chain of cubes
P=QyCQ C---CQi1 CQr= P sothat Qi_y € D(Q;) and g(Q;) = g(Qi—1)—1

foreachi=1,...,1
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Proof.

(i) If P=QM, P = Qfét, and [ > k, then either Q' N Qgt =0 or Qg’t C Q"' by Proposition
2.3(2). Because P C P’, this is a contradiction. Consequently, [ < k.

(ii) Let P = QM P' = QZ’t. By Proposition 2.3, Q%! and Qg’t coincide as sets of points.
Now, if a # (3, then Qg’t C X \ B(zFt ab"); see [12, Lemma 3.6]. This contradicts the
inclusion Q' o B(z5!, ad*).

(iii) By the comments subsequent to Proposition 2.3, P’ can be written as a disjoint union
of cubes Q € D(P') with g(Q) = g(P) — 1. And, by Proposition 2.3, the cube P must be
contained in one (and only one) of these cubes, say @;. If [ = 1, then g(@Q1) = ¢g(P’) and
by (ii), @1 and P’ are the same cube, and thus we obtain the desired chain of cubes. If
[ > 1, we write P’ as the disjoint union of cubes @ € D(P’) = with ¢(Q) = g(Q1) — 1, where
one (and only one) of these cubes, say ()2, must contain ;. Repeating this procedure, we
obtain the chain P =: Qo C Q1 C --- C Q;—1 C Q; := P’, with the desired properties.

[

The following result gives a quantitative (with power-type rate) estimate for the measure
of the e-boundary of our dyadic cubes, and it is crucial for our purposes. This property
was proved by Christ [5, Theorem 11] for the corresponding open cubes. Also, Hytonen
and Kairema [12] stated and proved a probabilistic version for the cubes of Proposition 2.3.
Because the cubes we are using in this paper are those from [12], which are larger than the
ones from [5], the desired estimates do not immediately follow from [5, Theorem 11], and
so, for the sake of completeness, we provide the proof for all the cubes of the systems.

Proposition 2.5. For the cubes of the collection D, the following property holds. There
exist constants C,n > 0 depending only on 6 and C,, so that

p({r e @ : dist(z, X \ Q) < MY D}) <CXN'u(Q), forall A>0,QeD. (4)

In the proof of the above proposition, we follow the strategy from [5, Theorem 11], adapted
to these collections of half-open cubes. Let us briefly describe how the cubes {Q%},., of a
fixed dyadic grid are constructed, as we will employ some of their specific properties. For
fixed constants 0 < ¢y < Cy < o0, and for every k € Z, let {z%},c4, be a set of points in X
for which

d(z5, 25) > cof® if a#p, and mind(z,zk) < Cof* for every € X.

There exists a partial order < in the set of all labels {(k,«) : k € Z, a € Ax} with the
following properties:

d(z5™, 25) < %ek = (k+1,5) = (k,a);

pageY

(k+1,6) < (k,a) = d(§™,25) < cof’;

for every (k + 1, ) there is a unique (k, @) so that (k+ 1,5) < (k, a);
for every (k,«) there are between 1 and M labels (k + 1, 5) so that (k+ 1,8) < (k, a);

(I,B) 2 (k,a) <=12>k and exist v, = &, Y41, -, Yi-1, 1 = B,
with (7 + 1,79j41) = (J,y) for j=k,...,1 — 1.

Here M € N is a constant only depending on the geometric doubling constant of X, and
thereby only depending on our constant C), from (1).
The closed and open cubes @z, Qv’; are defined by
—k 11 (i1 = —k
Q.= | = Qi=x\ |J @

(1,8)2(k,e) BEAL, B
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The cubes @Z and @Z are respectively closed and open subsets of X. The formula defining
the half-open cubes QF is more intricate, and we do not recall it here; see [12, Lemma 2.18].
For these three types of cubes, the following properties hold.

B(zF a0") c QF c Q* ¢ @Z C B(2F,A0%), forall kcZ ac A
int(Q ) =0F and Qt=Q°, forall keZ, ac A
Q= U @ forall LkeZ >k acAy
BeAL, (1B)X(k,a)
QY c QFif (1, 8) = (k,a) and Q4 N Qh = Q3 N QE = 0 otherwise; Lk € Z, 1 > k, a € Ay;
X = U @Z = U QF, with the latter union disjoint, for all k € Z.

aEAg acAy

See [12] for a proof of all the above properties. The constants 0 < a < A < oo depend on
the initial choice of ¢y and Cj, but being € so small (6 < 1/1000), all these constants can be
considered to be absolute. _

Notice that, because int(QF) = Q¥ one can replace the term dist(-, X \ Q) with dist(-, X'\

Q) in the estimate (4). To prove Proposition 2.5, we first need a qualitative version of (4).
The following key proposition corresponds to [12, Lemma 5.12].

Proposition 2.6. [12, Lemma 5.12] If parameters N € N U {0}, and A > 0 are so that
12\ < b, and (k,«) is a label so that x € @2 with dist(x, X \ Q%) < N0, then for any
chain of labels

(k+N70):(k+N7ak+N> == (k+170k+1) = (k’,(l/)

withz € Q- , one has d(z3, 28 ) > €109 for allk < j < i < k+ N; where e = co/12.

g5 70y

Proposition 2.7. For every € > 0 there exists A € (0,1] so that

i ({x € @Z - dist(z, X \ QF) < )\9"’}) <eu(QF), forall ac Ay, ke

Proof. Fix a cube @Z and denote E, = {z € @Z - dist(z, X \ QF) < A%} for A > 0. Given

a natural N € N, let A € (0,%6"), and define, for x € E,, the set of indices

Tion(z) = {0 € Ay ¢ (k+N,0) < (k,a) and z € Q. }.

Notice that Zj, y(x) is non-empty, since @Z = Ufoepsn: (b4 N.0)= (k.00 @TN. Also, for z €
Ey\, and k < j < k+ N, we define

I} ={y € A; : there are x € Ey and (k+N,0) < -+ < (j,7) 2 -+ 2 (k, @) with 0 € Zyn(2)}.
We now make the following claim: there exists 0 < o < min{a, €1, ¢y/2} so that
the family of balls {B(2],£20”) : v € ij\, k<j<k+ N} is disjointed. (5)
Indeed, for every two different indices v € ZJA, B eI withk <j<i<k+N,let

us show that B(z],e267) and B(zj,€,607) are disjoint, for a constant €5 > 0. In the case

i = j, because v # (3, the points are Z% and zé are coff/-separated, and the claim follows if
g9 < ¢9/2. Now, if i > j, let us denote 7; = v and f; = . Let =,y € E) be so that (j,7,)
belongs to a chain (k + N, yan) = -+ = (k,yv) = (k, ) with vy € Zron(x), and so
that (i, 5;) belongs to a chain (k+ N, frin) < -+ =2 (k,Bn) = (k, ) with Srin € Trin(y).
Because z € E, N @,’:jv, y € E\N @Z:ﬁv and \ < 00192N, Proposition 2.6 can be applied to
obtain

d(z%j,z;) > 67 and d(zéj,zéi) > .67,
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If B; = ~;, then we immediately get d(zgj,zg) = d(zéj,zgi) > £107. In the other case,

B # V> and since (4, ;) = (4, 5;), then (i, 8;) 2 (4,7;)- The properties of the cubes Q, Q
imply Qﬁ N Q = (), and so the balls B(zj,,af") and B(z] ,a#’) are disjoint too. In either
case we see that there is g2 > 0 so that B(z},£267) N B(zf 829j) = (), proving claim (5).

Before starting with the desired estimates for the measures, observe that Z;' \ can be
written as

Ty oy ={0 € Ain : (k+N,0) = (k,a) and x € @TN for some = € E,},

and thus
Eve | @ c | BEEY, A0

UeIk+N

In addition, Z}, y C U,ernrlo € Agpn (K + N,0) 2 (j,7)} for every k < j <k + N. We
will also take into account that for every k <1 < k+ N, and 3 € Z}', the ball B(zlﬁ, g20') is

contained in Q 5, and thereby contained in QJ whenever (I, 5) < (j, 7). All these observations
lead us to

M(E/\) Z ) (B(z§+N’A9/€+N)) < C(CM,A,9752) Z M(B(Z§+N,529k+N))

UeIk+N

o€} n o€}, N
0T Y W(BET ) <0 Y @)
’YEIJ?‘ 0€EALLN ’YGI;‘

(k+N,0)=2(5,7)

<O u(B(,AP)) < C* > u(B(2,ex8)).

VET} V€LY

These estimates, along with (5), permit to write

k+N
(N+Du(B) <C*Y Y u(B(:,e0) =Cu| | | B,26) | <C°u(@b),
j=k ’YEIA k<]<k+nyeI>\

which holds for every a,k whenever A € (0 ,fgﬁN ). In the last inequality we have used

the fact that all the balls B(2],£,67) are contained in @Jw and so, in @’; as well because
(,7) 2 (k. ). O

Using the technique from [5], where a version of Proposition 2.7 for the open cubes is
combined with an iterative argument, we next show Proposition 2.5.

Proof of Proposition 2.5. Denote Ey(Q ) {x € Q - dist(z, X \ Q%) < A0*}. The desired
estimate in the case A > 0 is true because in this case we can simply estimate by

H(EA@Q)) < u(@2) < C(CIR(QE) < C(CINT(QL),

using any 1 > 0. So let us assume A € (0,0) in the rest of the proof. Define for every
j € NU{0}, the set of labels

T,(@Qh) = {(k +j.8) < (k,a) : dist(Q 7, X \ Qk) < 6"},

together with the corresponding sets of points S ( ) 057 We claim the

Unriser,@t) 95
following.

Claim 2.8. There exist constants C,n > 0 depending on 6 and C,, so that M(Sj(@’;)) <
COMu(QF) for every j € N, and every a, k.
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Before proving this claim, let us explain why this would imply Proposition 2.5. Assume
for the moment that Claim 2.8 is true. For any A € (0,0), let j € NU {0} be so that

O <A< 0 Tfw € @k is so that dist(a: X\ QF) < \*, and S so that (k+ j,0) < (k,«)
and x € @5 then (k + 7,5) € Z; (Q ), showing that E,\(Q ) C SJ(@Z) This yields
H(EA@h)) < u(S;(@h)) < COMUQE) < 971CN(QL).

Let us now prove Claim 2.8. The triangle inequality and the fact that @i cB (zlw AfY) for
all (1,7) give

p(S;@5) < p ({z € @y -+ dist(e, X\ Q) < 24+ 106"}
Hence, according to Proposition 2.7, we can find J € N with the property that

u(S;(@Q%)) < ,u(Q’“) for all o € Ay, k € Z. (6)
We define new subfamilies of labels obtamed from the previous (Z;); :
=~ =k —k ~ =k —k+nJ
Il(Qa> = IJ(Qa)? In-i—l(Qa) = U :ZJ(CQﬂJr )a n Z 1.

(k-+nJ,B)€Tn (Q")
—k+nJ

The corresponding sets of points are defined as §n(@f¥) =U (hind B)ETn( Qﬁ

Let us prove by induction on n that Z, J(@Z) C fn(Qa). If n =1, the 1nc1u81on is actually
an identity and it follows from the definitions. Now assume that the inclusion holds for some
natural n and let us show the corresponding inclusion for n 4 1. Given (k + (n+1)J,5) €

I(nH)J(@Z) there exists (a unique) (k+nJ,vy) with (k+ (n+1)J,5) 2 (k+nJ,v) < (k, a).
The index (k + (n+ 1)J, ) belongs to IJ(@HM) because @,’f”‘f C Q% and

or+nt1)J n —kH(n+1)J ~ . .
dist(Qs X\ Q) < dist(@5 T X0\ QF) < g4I — gl
On the other hand, Qk+(n+1)J - Q:+nJ and then clearly
dis t(QHnJ X\Qh) < dist(@lgﬂnﬂ)‘],)( \ QF) < gEtn+DT < ghind

This tells us that (k+nJ,v) € Inj(@k) and therefore (k+nJ,vy) € 7, (@k) by the induction

hypothesis. Together with the already proven fact that (k + (n+1)J,8) € Z. J(QHM)

may conclude (k+ (n+1)J,5) € InH(QZ).

We summarize the key inclusions here:

Z.,(@n) C Z.(@Q),  Sa @’“>c§@’“>, n>2. (7)

)

Observing that §n(Q ) U (b (ne1).8)€ 1 ( (Qk+(n D7 ) for n > 2, and employing (6),
we can write
=~ =k —k+(n—1)J 1 k+(n—1)J
u (5.@0) < > u(Ss @5 ") < 5 > (@)
(k+(n=1)J,8)€Z,-1 (@) (k+(n=1)7.8)€Z0-1(@n)
(U @) < LG @)

(k+(n—1)J,8)€Z—1(Q)

<o L uGI@) = S @) < @E). for every 1.

Then (7) leads us to (SnJ(GI;)) < (é\n(@];)) < 27"u(QF) for each n € N. Taking > 0

so that 677 = 1/2, we obtain Claim 2.8 when j is a multiple of J, and with the constant
C' = 1. When j € N is arbitrary with j > J, we find m € N with mJ < j < (m + 1)J and
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observe that §; (@Z) C Sm J(@Z) Then the result for the multiples of J gives the estimate

p(Sj(@Z)) < (0™)1(QF), and this term is bounded above by 0~/7(67)"(Q*). And when
j < J, we simply write

n(S;(@0) < nl(@h) < C(CIMQE) < C(CHIT"07(QL).
This completes the proof of Claim 2.8, and hence Proposition 2.5. O

3. WEAKLY POROUS SETS AND DYADIC WEAKLY POROUS SETS
We begin by defining the maximal E-free hole for a ball B = B(z, R) C X:
hp(B) :=sup{0 < r < 2R : there exists y € X with B(y,r) C B(z,R)\ E}.  (8)

If for a ball B = B(z, R) there is no ball B(y,r) C B(x, R) \ E, we understand hg(B) = 0.
Notice that, even if two balls B(x, R) and B(z', R') define the same set of points, their
maximal E-free holes hg(B(x, R)) and hg(B(z', R')) may be distinct.

The upper bound r < 2R for the radii in the supremum prevents hg(B) from being equal
to oo, which may otherwise occur, e.g., when X is a bounded space. This bound is also
motivated by the fact that if two balls satisfy B(y,r) C B(x, R) for r arbitrary, then the
ball B(y,t), with ¢ = min{r, 2R}, defines the same set of points as B(y,r), and has radius
t bounded above by 2R.

Let us now give the definition of a weakly porous set.

Definition 3.1 (Weak porosity). We say that a set £ C X is weakly porous if there are two
constants ¢,d € (0,1) such that for every open ball B = B(z, R) C X there exists a finite
collection of mutually disjoint open balls {B; = B(x;,7;)}Y, contained in B\ E, with:

(a) 7, < 2R for every i =1,..., N;

(b) r; > 0hg(B) for every i = 1,..., N;

(¢) SN, u(Bi) > cu(B).

We immediately observe that if E' is weakly porous, then hg(B) > 0 for every ball B C X.
Moreover, as a consequence of the Lebesgue differentiation theorem, every weakly porous
set E satisfies u(E) = 0. We also notice that, since the balls we consider are open sets, a set
E is weakly porous if and only if its closure E is weakly porous, and with the exact same
constants c¢, d.

It is worth comparing with the (much stronger) classical porous sets: a set E is porous
if there is a constant ¢ € (0,1) so that every ball B(x, R) contains another ball B" with
radius at least ¢R and B’ N E = (). Then, by the doubling property of the measure (1),
this implies that every porous set is weakly porous. The converse is false; it suffices to
equip X = R with the usual metric and the Lebesgue measure, and consider £ = Z or
E={tj77 : j € NJU{0}, v > 0. A detailed study of the A; properties of distances to
these sets can be found in [1, Theorem 7.1].

Remark 3.2. Definition 3.1 of weak porosity can be re-formulated in terms of admissible
E-free balls that are not necessarily mutually disjoint: there are two constants ¢,d € (0, 1)
such that for every open ball B = B(x, R) C X there exists a finite collection of open balls
{B; = B(w;,r;)}Y, contained in B\ E, with:

(a’) 7 < 2R forevery i =1,..., N;

(b’) 7 > 0hg(B) for every i =1,..., N;

(©) 1 (UL B)) = en(B),
Indeed, if £ C X, ¢,6 € (0,1), B and {B;}; are as above, the radii of the balls {B;}; are

uniformly bounded by 2R and the 5-covering lemma (see e.g., [2, p. 5]) can be applied to
obtain a subcollection {B;}; of { B;}; of mutually disjoint balls with {J; B; C |J; 5B;. Using
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that (5B;) < C u(B;), it is easy to see that the family {B;}; satisfies the properties (a),
(b), (c) of Definition 3.1 with constants (C*c, d) instead of (¢, 9).

For the reasons explained in the introduction, we also need a formulation of weak porosity
in terms of the dyadic structures from Section 2. From now on, we fix a parameter 0 < 6 <
1/1000 and consider the associated dyadic systems D = {D;}L, from Proposition 2.3.

Given a cube )y in a dyadic grid D;, the dyadic version of the maximal F-free hole for
Qo is defined by the formula

98(Qo) = min{g(Q) : @ € D(Qo), QN E =0}, (9)

In the trivial case where every @) € D(Qo) intersects E, we understand gp(Qo) = +0o0,
and 692(@0) = (. Note that gr(Qo) > g(Qo) for every Qo. Equipped with this definition, we
introduce the dyadic weakly porous sets in a metric measure space (X, d, u).

Definition 3.3 (Dyadic weak porosity). We say that a set £ C X is dyadic weakly porous
if there exist constants ¢ € (0,1) and M € N such that for every cube Qo € D of X, there
exists a finite collection of mutually disjoint cubes Q1,...,Qn € D(Qy) that are contained

in Qo \ E, with g(Q;) < M + gg(Qq) for every i = 1,..., N, and SV 1u(Q;) > cpu(Qo).

We next define the doubling properties for the size of maximal E-free holes, both in terms
of balls and dyadic sets.

Definition 3.4. Let £ C X be a subset.
e We say that hg is doubling if there exists C' > 0 for which

hg(B(z,2R)) < Chg(B(z,R)), forall ze€ X, R>0.
e We say that gg is doubling if there exists m € N for which
9e(Q) <m+gp(Q7), whenever Q € D(Q"), 9(Q) =14 g(Q"), Q" € D.

First notice that hp = hy since the balls we consider are all open.
Also observe that if gz is doubling with constant m € N, then for every two cubes @, Q*
with @ € D(Q*), we have, as a consequence of Lemma 2.4(iii),

9e(Q) <m(9(Q) — 9(Q%)) + 9u(Q"). (10)

The rest of this section is devoted to proving that the two formulations of weak porosity
and doubling conditions are equivalent. More precisely, a weakly porous set F whose max-
imal hole function hg is doubling is dyadic weakly porous with gg doubling as well, and
vice-versa. We begin with the following lemma, which we will invoke several times in the

paper.

Lemma 3.5 (Large cubes inside balls). Let B = B(x,r) be a ball, and Q a cube in some
grid Dy with B C Q. Then there ezists a cube QQ € D(Q) withx € Q C B and r < %QQ(Q).

Proof. Consider the set of integers

(@) : Q' eDQ), e qQ B, (11)
Let us first explain why this set is non-empty. The cube @) can be written as the union of
cubes of D(Q), all of them with generation equal to [, where [ > ¢(Q) is so that 240" < r.
Because B(x,r) is contained in @), one of these cubes, say (), must contain the point x.
Denoting by 2z’ the reference point of @', the ball B(z', A9') contains @’ and then every
point y € Q' satisfies d(x,y) < 2A0" < r. This implies that x € Q' C B(z,r), showing that
the set in (11) is nonempty. Also, this set is bounded below by ¢(Q) € Z, by the definition
of D(Q). Therefore, the minimum of the set (11) is well-defined and there exists a cube
@ € D(Q) with = € @ C B with g(@) equal to the minimum of (11). Since B C @, we

~

must have g(Q) > ¢g(Q), as otherwise the equality ¢(Q) = ¢g(Q) would lead us to @ = @
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by virtue of Lemma 2.4, and thus implying B = @), a contradiction. Consequently, g(@\)
is strictly larger than ¢g(@Q) and hence there exists another cube Q* € D(Q) with @ CQr
and g(Q*) = g(@) — 1. By the minimality of g(@), the cube Q* cannot be contained in B,
and then d(p,z) > r for some p € Q*. Denoting by z* the reference point of @*, the ball

B(z*, A#9@)) contains Q* and, because x € Q*, we have

r <d(p,z) < diam(Q") < diam (B(z*, A979V)) < 2469@") = %99(@).

This proves the assertion. O

Remark 3.6. Among other properties, Lemma 3.5 permits to show that a set E is dyadic
weakly porous if and only if its closure E is, though possibly with different parameters M, c.

Indeed, assume first that E is dyadic weakly porous with constants M € N and ¢ € (0, 1).
If Qo € D is a cube and Q € D(Qp) with Q C Qo \ E, then @ contains the open ball
B := B(z,a#9?), where we denote by z the reference point of Q. If Q = B as sets of points,
then @ is an open set and thus we have Q C Qo \ E. If B C @, Lemma 3.5 gives some

Qe D(Q) C D(Qo) so that Q C B and a®?@ < %99(@. We deduce g(@) <n+g(Q) for
some natural n depending only on 6, and also that Q C Q, \ E because B is open. Also,
denoting by Z the reference point of ), the inclusions

B(2,a0°D) c Q C Q C B(z, A" @)

together with (1), imply 4(Q) > (6, C,)1(Q). We have shown that given cubes @1,...,Qn €
D(Qp) that are admissible for the definition of dyadic weak porosity with constants M c,

one can find pairwise disjoint cubes @1, . ,@N € D(Qo) so that Q\l CQ\FE,
9(Qs) < n+9(Qi) <n+ M+ gu(Qo) < n+ M + gg(Qu),

and 355, (@) > ¢(0.C,) S5, p(@i) > (0, C) el Qo)

Conversely, if E is dyadic weakly porous with parameters M € N, ¢ € (0, 1), one can
use the same argument as above involving Lemma 3.5 to show that ¢5(Qo) < n + gr(Qo)
for n = n(f#) € N. Thus, every collection of admissible cubes Q1,...,Qn € D(Qy) for the
definition of dyadic weak porosity of E on @ is also admissible for dyadic weak porosity of
E, with parameters M +n € N and ¢ € (0,1).

Lemma 3.7. Assume that gg is doubling. Then the following holds.
(i) hg is doubling.
(i) If, in addition, E is dyadic weakly porous, then E is weakly porous.

Proof. (i) Fix the balls By = B(xg, Ry), 2By = B(xo,2Ro). If B(xg, Ry) N E = (), then
hE(B([E(), 2R0)) S 4R0 S 4hE(B(JZO, Ro)),

and the doubling property for hg holds.

Now suppose that B(zg, Rg) N E # (). We may also assume that By C 2By because in the
case where By = 2By (as sets of points), for every ball B(y,r) C 2By \ E with 0 < r < 4Ry,
the concentric ball B(y,r/2) is contained in By \ £ and 0 < r/2 < 2Ry, from which we
would obtain hg(2By) < 2hg(By).

By Proposition 2.3, there exist ¢t and Q} € D, with 2By C QF, and #9(@)+2 < 2R, <
09@Q)+1 If B = B(y,r) C 2By \ E, then B C 2B since By N E # 0, and thereby B C Q.
Lemma 3.5 provides us with a cube @ € D(Qg) with @ C B and r < %99@). Because
Q N E = (), this implies

2A .
hi(2B) < 7993(%)'

Since By € 2By C Qf we can apply Lemma 3.5 to obtain a cube Qg € D(Qf) with Qy C By
and Ry < %499(@0). Then the inequality #9(90)+2 < 2R tells us that g(Qo) and g(Q;) are
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comparable, meaning that g(Qo) < n + g(Qg) for some n = n(f) € N. Using the doubling
property of gg (more precisely, the estimates (10)) for the cubes Qo and Qj, we get

99=(Q5) < C(Q,m)@gE(QO);
where m € N is as in Definition 3.4. Given a cube @) € D(Qo) with reference point z and
QN E =0, the B(z,at?9) is contained in By \ E, with
2Ry
2
Thus, the §2-contraction of B(z,af?@) is a ball inside By \ E that is admissible for the
definition of hg(By), and so

99(@) < g9(@) < o) =10

ab?6?Q < hp(By).

Therefore §92(@0) < L hp(By), and gathering all the estimates, we conclude hg(2B) <
C(m,0)hg(Byp). This shows that hg is doubling.

(ii) Let By = B(xo, Rp) be a fixed ball with ByN E # (). By Proposition 2.3, we can find
Qo € D with By C Q and §9(@)+2 < R, < §9(Qo)+1, -

Let us fit a cube @0 € D(Qo) in Bo of length §9(90) comparable to Ry. If By = Qo (as
sets of points), then we simply take QO as Qo. If By © Qp, by Lemma 3.5 we get a cube
QO € D(Qo) with Qy C By and Ry < 2‘469 Qo). Tn any case, we have the relation

99(Q)+2 ~ R, < TAQQ(QO (12)

Also, denoting the reference points of (), @0 respectively by zg, zp we have the inclusions,
B(Z0,a#" @)y ¢ Oy C By C Qo C Bz, APYQ)) € B(3,3A469Q0)) ¢ B(3,, 6A20-399(Q0));
from which the doubling condition (1) for p leads us to
~ 3)
w(@) > G Lu(my). (13)

Because F is dyadic weakly porous, there exist E-free and pairwise disjoint cubes Q1, ..., Qy

LlogQ 6A%a~

g(Qz) < M+9E(Q\O)7 1= 1a R 7 and Z:UJ > Cl QO) (14)

If z; denotes the reference point of Q; define the ball B; = B(z;,r;), with r; := af?69(@).
By Proposition 2.3, each B; is contained in @);, implying that the collection {B;}; is disjoint,
and that B; C Qq \ E C By \ E. Let us verify the properties (a), (b) and (c) from Definition
3.1 for the collection {B;};.

Notice that r; < af9@0)+2 < Ry, and so property (a) holds.

To prove (b), observe that for each ball B = B(p,r) C By \ E with 0 < r < 2Ry, we
have B C By C Qp, and Lemma 3.5 can be applied to obtain @ € D(Qp) with @ C B and
r < %99@). Since Q@ N E = (), this proves hg(By) < %HQE(QO). The radius r; of the ball B;

satisfies r; > ad™ +299E(@0), and using first that gg is doubling and then (12), we get
93

;> afM+2g9p@Q0) > gM+2gm(9(Q0)—9(Q0) g9r(Q0) > GgM+2 <
2A

) 99=(Qo) > 5hE(Bo);
0M+3m

where § = a03(2A—m+1

As concerns property (c), we use that B; = B(z;,a?09@)) c Q; C B(z;, A9@)), and
the doubling condition (1) on the measure u to obtain

w(Qi) < Cy

14 | logy(a= 1072 A)
Lol 0] (),
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Combining this estimate with (14) and (13), we obtain

Zu ) > co(0,C) e pu(By).

for some constant ¢y(0,C,,) > O dependlng only on # and C,,. O
Now we show that the formulation with balls implies the dyadic formulation.

Lemma 3.8. Assume that hg is doubling with constant C. Then the following holds.
(1) gg is doubling with constant m = m(6,C) € N.
(i) If, in addition, E is weakly porous with constants (c,0), then E is dyadic weakly
porous with constants ¢ = c'(6,C,,c) and M = M (0,6, C).

Proof. (i) Let Qo, Qg be two cubes in a common grid, with Q¢ € D(Qy) and g(Qf) = g(Qo)—
1. If 2y, 2 are respectively the reference points of Qy and Qf, define By = B(z, af?@))
and B = B(z;, A999)). By Proposition 2.3, By C Qo and Q C B;. Also observe that
B C B(zo, %99@0))7 and this implies, by virtue of the doubling condition for hg,

he(BE) < CHoe(5 ) By):; (15)

where C' > 0 is that of Definition 3.4.

Let us now verify that 92(Q0) < hy(Bg) and hg(By) < 69(Q0).

If Q € D(Qp) is such that @ N E = () and has reference point z, then the ball B(z,af9@))
is contained in B \ F and its radius a#9@ is smaller than A#9(@0). By the definition of
he(Bg) and ge(Q}) (8)-(9), we get af92(@) < hp(Bg). In the case where Q N E # () for all
Q € D(Q}), we have gp(QF) = +oo and §92(@) = 0, and the estimate §9(@) < hy(By) is
true as well.

For the other estimate hy(By) < 09590 suppose first that Qo N E = @. Then g5(Qo) =
9(Qo) and hg(By) < 2ah9Q0) = 2a095(@0) Now, if Qo N E # 0, let B = B(z,r) be a ball
contained in By \ E (If such ball does not exist, then hg(By) = 0 and the desired estimate
follows immediately). Because of the strict inclusion B C )y (as B does not intersect F),
we can apply Lemma 3.5 in order to obtain a cube @ € D(Qy) with @ C B and r < %09@).
Because Q N E = (), we may conclude hg(By) < %HgE(QO).

These estimates together with (15) give §92(@0) < k(0, 0)§92(@0) showing that gp is
doubling.

(ii) Let Qy a cube of some dyadic grid D;, with reference point z;. We may assume
that Qg N E # (), as otherwise the dyadic weak porosity property holds for )y. Defining
By := B(zg,a69%9)) and B} := B(zy, A#9(?9)), we have the inclusions By C Qo C B, and
so u(Bo) > k(C,)p(Qo) by virtue of the doubling condition for p.

We first claim that 092(Q0) < k(, C)hg(By) where C is the constant of Definition 3.4
for hg. Indeed, if Q € D(Qy) with Q@ N E = (), and @ has reference point z, then the ball
B(z,a#9@) is contained in B \ E, and obviously af9@ < A#9(@) This argument implies
that af9e(Qo) < he(Bg). Because hy is doubling, we have

ah9E(Q0) < he(B5) < k(C)hg(By), (16)

which proves our claim.

Now, we apply the weak porosity condition for E to the ball By, obtaining disjoint balls
{B; = B(z;,7;)}Y, contained in By \ E as in Definition 3.1, with constants ¢,§ € (0,1).
Since B; € Qo, Lemma 3.5 gives a cube Q; € D(Qy) with Q; C B; and r; < %99(@'). In
particular, @Q; N E = {) for each ¢, and the cubes {Q;}; are mutually disjoint.

On the other hand, 2407'09(@) > r, > Shg(B,), and by (16) this yields #9@) >
(0,6, C)092(@)  Thus, there exists ,0) € N so that

M(6,C
9(Q;) < M(6,C,0)+g ( 0), foreach i=1,... N.
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Also, if z; denotes the reference point of @);, the following inclusions hold
B(z,at"?)) C Q; C B; C B(z;,4A071072)).

14 | log, (440~ 1a™1) |

Then, the doubling property of p implies that u(B;) < C, 1(Q;). So, the

cubes {Q;}; are disjoint E-free cubes in D(Qo) with

K(0,C) Zu Qi) > Zu ) > cpu(Bo) = K(Cp) ¢ i(Qo),
and then we get Zi:l 1(Qq) > k(0,C,) c p(Qo), for certain constant (6, C),) > 0. O

4. IMPLICATIONS OF THE A;-CONDITION

The purpose of this section is to prove the implication (A) = (B) of Theorem 1.1. In
order to do so, we start by proving that if dist(-, £)~* € A;(X) for some a > 0, then the
set F is dyadic weakly porous, and gg is doubling; see Definitions 3.3 and 3.4. We will use
the fact that a weight w € A;(X) (see (2.1)) if and only if the same A;-estimates hold when
replacing all balls with all cubes ) € D, i.e, there exists a constant C' > oo so that

][wd/LgCessQinfw, forall @ € D.
Q

This can be easily proved using properties (3) and (4) of Proposition 2.3, together with the
doubling condition (1) for the measure pu.

Lemma 4.1. If E C X is a subset, and w = dist(-, E)~* € A;(X) with a > 0, the following
holds.

(i) For every ¢ € (0,1), there exists M = M(c, o, [w]1,6,C,) € N such that, for every
dyadic cube Qo C X, there are mutually disjoint cubes Q1,...,Qn € D(Qo) contain-
ing no point of E, such that g(Q;) < M + gu(Qo) for every i, and S0, 1(Q;) >
ci(Qo). In particular, E is dyadic weakly porous.

(i) There exists m = m(a, [w]y,0,C,) € N such that, for every two cubes Qo, Qg in a
same grid with Qg € D(QO) and g(Qo) = g(Q}) + 1, we have

ge(Qo) < m + g(Qp).

In other words, gg is doubling with constant m.

Proof. First of all, notice that p(E) = 0 since w := dist(-, F)~® is locally integrable in X.

(i) Thanks to Remark 3.6, we may assume that E is closed. Fix a cube @)y in some system
D; and assume that Qo N E # 0. Let M € N be a number to be chosen later, and consider

Au = H{QeD(Q) : QNE =0 and g(Q) < M + gu(Qo)}.
Now, for x € (Qo \ E) \ Ay, define
g. = min{g(Q) : Q € D(Qy), r € Q, and QN E = 0}.

Because FE is closed, we have that dist(x, E') > 0, and then an argument similar to the one
in the beginning of the proof of Lemma 3.5 shows that g, is well-defined. Let @, € D(Qy)
be so that z € Q,, Q. N E = 0, and g(Q,) = g,. Observe that g, > M + gg(Qo) since
x ¢ Ay Also, if QF is a cube in D(Q) with @, € D(Q%) and ¢g(Q%) = g(Q.) — 1 (such
cube exists because Qo N E # 0), we must have Q% N E # (). Denoting by z* the reference
point of @)%, the inclusion @ C B (z*, AHQ(Q?E)) holds and thus

2A 2A

dist(z, E) < diam (B (Z*’Agg(Qéz))) < 7991 . 24 gM 995 (Qo)
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Employing this inequality, we have

p(Qo \ Anr) < <%49M99E(Q0)>a/ dist(x, E)~* du(x)
@

0 \E)\AIVI

< (%QMW(Q“)) #(Qo)[wa, essinf dist(-, B)~". (17)
0

Now, let Qr € D(Qo) with Qe N E = () and ¢(Qr) = ge(Qo), and let z be its reference
point. Because B (z, a@gE(QO)) C Qg, we have d(z, E) > a#97(?0) | and therefore, continuing
from (17) we derive

w(Qo \ Anr) < (%GMGQE(QOv ) w(Qo)[w] a, dist(z, E)~¢ (18)

< (%QMWE(%) 1(Qo)[w]a, (af?5(@)) ™ = (%HM) [w]a,1(Qo).

For every ¢ € (0,1), we can find M = M (0, [w]4,, o, ¢) € Nlarge enough so that (226)" [w]4, <
1 — ¢, obtaining

p(Anr) = cp(Qo).

The family of cubes Fu(Qo) = {Q € P(Qo) : QNE =0 and ¢(Q) < M + gu(Qo)} is
not necessarily disjoint, but we can make it disjoint by taking a mazimal subcollection of

ﬁM(QO).l Indeed, given ) € ﬁM(QO), let QF € ]/-:M(QO) be a cube with Q@ C Q¥ such that
9(Q") = min{g(Q") : Q C Q" and Q' € Fy(Qo)}-

Notice that Q € D(Q?) for every Q € Fas(Qo). If we define Fur (Qo) = {QF : Q € Fu(Qo)},
for any two cubes P, P’ € Fj;(Qo) with non-empty intersection, one has that P and P’ are
the same cube. Indeed, if P C P', then g(P’) < g(P) by virtue of Lemma 2.4. But P = Q"
for some () € Far and since P’ also contains @, the minimality of g(P) would lead us to
g(P") > g(P), a contradiction. Similarly, one can prove that P’ C P is impossible, and the
properties of the dyadic cubes tell us that P = P’ as sets. Moreover, by the minimality
of their generations, one has g(P) = g(F’). According to Lemma 2.4, P and P’ define the
exact same cube. Therefore, the cubes of the family Fj/(Qo) are mutually disjoint.

Clearly Ay = UFu(Qo) = UFu(Qo). Also, every cube Q € Fy contains the ball
Bg := B (zq,r), with r = agM +98(Qo) and 2o being the reference point of (). The balls of
the family {Bg }oer,, Qo) are disjoint and contained in Q. Because Q) is in turn contained in
a ball By of radius Ry = A#9(@) then By C B(zq, 2Ry) for each Q € F(Qp). The doubling
condition (1) for u gives the estimates pu(By) < C(C,,, Ro/7)(Bg) for all @ € Fp(Qo). Thus
Fu(Qo) must be a finite collection. This concludes the proof of the dyadic weak porosity
of F, since

> @) =1 (UFu(@0)) = i) = en(@o).

QeFn(Qo)

(i) Let Qo, Qj € D be cubes in the same grid with Qo € D(Qf) with g(QF) = g(Qp) — 1. In
the case where Qo N E = (), then g(Qo) = g(Qo) and, because we always have the estimate

9(QF) < gr(Qf), we can write
98(Qo) = 9(Qo) < 9(Qo) — 9(Q) + 9r(Q5) =1+ gr(Qy)-
Suppose now that Qo N E # (. If x € Qy, there exists Q € D(Qy) with = € @ and
9(Q) = gr(Qyp). Also, by the assumption, there is Q* € D(Qy) so that Q € D(Q*) and

IThis type of collections of mazimal cubes will be defined and used in Section 5 below.



18 CARLOS MUDARRA

9(Q*) = g(Q) — 1. Due to the minimality of gg(Qy), the cube Q* must intersects E, and so

d(z, E) < diam(Q*) < diam (B(z", AHQ(Q*))) < 24991 %OQE(QO);

where z* denotes the reference point of Q*. This argument permits to write

2A -
1(Qo) (—99E @o) ) < / dist(z, £) " “dpu(z) < / dist(z, £) ™ du(z)
0 0
< (@Q3)[wla, essinf dist(-, )™ < pu(Q5)[wla, (a7 9) "5 (19)
0
where we argued as in (17)-(18) to obtain the last inequality. Also, denoting by zo and z
the reference points of )y and @), we have the inclusions
B(zp,a#? @) € Qo C Qi C B(z, AGY90)) C B(z, 3A0990)).

The doubling condition on the measure gives pu(Qg) < C(0,C,) ,u(@o). Using this estimate
in (19) and reorganizing the terms we conclude

95(Qo) < m + gu(Qu), (20)
for some m = m(a, [w]a,,0,C,) € N. O

As a consequence of the previous lemma, we obtain the implication (B) = (A) of
Theorem 1.1.

Lemma 4.2. If E C X is a subset and w = dist(-, £)~* € Ay(X) with a > 0, then E is
weakly porous and hg 1s doubling.

Proof. We apply Lemma 4.1 to E, obtaining that E' is dyadic weakly porous and that gg is
doubling. By Lemma 3.7, we conclude that F is weakly porous, with hg doubling. O

5. E-FREE DYADIC DECOMPOSITIONS AND A KEY DISCRETE INEQUALITY

In this section, we begin with the proof of the implication (A) = (B) in Theorem 1.1.
Suppose that E is weakly porous and that hg is doubling. By the subsequent comments to
Definitions 3.1 and 3.4, the same properties hold for E as well. Since our goal is to prove
that dist(-, £)~® for some o > 0, and dist(-, E) = dist(-, E), we may and do assume that £
is closed throughout the Sections 5 and 6.

By Lemma 3.8, F is dyadic weakly porous, and gg is doubling (Definitions 3.3 and 3.4).

Let M,m € N, ¢ € (0,1) be the constants from Definitions 3.3 and 3.4 for the set E.
Because E' is (dyadic) weakly porous, for every P € D there exists a cube @) € D(P) with
Q N E = 0. Thus, the number gg(P) is well-defined; see formula (9).

Now, given P € D, we define the families of cubes

Fu(P)={QeD(P) : QNE =0, 9(Q) < M +gx(P)};
Gu(P)={QeD(PP): Qc P\ |J R
ReFu(P)

Let us construct mazimal subfamilies of Fy,(P) and Gy (P). Given Q € Fy(P), let Q! €
Fur(P) and Q" € Gy (P) be cubes with Q C Q% Q” such that

9(Q) = min{g(Q) : Q C Q" and Q' € Fu(P)},

9(Q") = min{g(Q) : Q C Q" and Q' € Gu(P)}.
We define

Fu(P)={Q - Q€ Fu(P)}, Gu(P)={Q" : Q€ Gu(P)}.

It is important to notice that, by the minimality of their generations, any two cubes R, R’
of Frp(P) (or Gu(P)) defining the same set of points must have the same generation. We
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remind that this implies that R and R’ have exactly the same label within the system D; to
which P belongs, according to Lemma 2.4. This guarantees that the families Fj;(P) and
G (P) consist of non-duplicate cubes.

Let us make several remarks and clarifications concerning the families F); and Gy,;.

Remark 5.1. If P € D, the families F);(P) and Gy (P) satisty the following.
(a) Fau(P) © Fu(P), Gu(P) < Gu(P), and UFu(P) = UFu(P), UGu(P) =

UG (P). Moreover, P is the disjoint union of | J Fa(P) and |J G (P).

(b) Fum(P) # 0 always, and Fy(P) = {P} (or equivalently P ¢ Fy(P)) if and only if
PNE=10. Also, Gy(P) # 0 if and only if PN E # 0.

(¢) If R,R € Fy(P) (or R, R' € Gy(P)), then either RN R’ = ; or else R and R’ are
the same cube, meaning that they define the same set of points and g(R) = g(R').

(d) If R € Gy (P), and R* € D(P) is so that R C R* and g(R*) = g(R) — 1, then R*
intersects some @ € Fy(P).

(e) If R € Fy(P), then RNE = (. And if R € Gy (P), then g(R) < M + gg(P) and
RN E # 0.

(f) p (UngM(p) Q) = ZQe]-'M(P) w(Q) > cp(P).

Proof. The first part of (a) is immediate from the definitions of Q* and @°. For the second
part, observe that for any two cubes R € Fy(P) and R’ € Gy(P). Then also R € Fy(P)
and R’ € Gy (P) and the definition of Gy (P) implies R’ € P\ |JFu(P) C P\ R.

The statement (b): Fu(P) # 0 for every P € D thanks to the (dyadic) weak porosity of
E. Now, if PNE # 0, then P ¢ Fy(P), and therefore Fys(P) # {P}. Also, Upczp) R G P

because PN E # (), and since all the cubes of ]?M(P) have generation at least M + gg(P),
there must exist @) € D(P) with Q C P\E. Thus Q € Upc#(p) 1?, and therefore Q € Q\M(P)7
and Gy (P) # (0. And if PN E = (), then, by the minimality of the generations of the cubes
in Fpr(P), we must have Fy(P) = {P} and so Gy (P) = 0.

For property (c), suppose that R, R € Fy(P) with RN R’ # (). Because R and R’ are
in the same grid D;, we have R C R’ or R’ C R. Assume for example R C R'. Now write
R=Q"and R = (Q")*, with Q,Q’ € fM(P). Because Q@ C R C R', by the definition of Q¥,
we must have g(R) < g(R'). This implies R = R’ as otherwise we would have R C R' and
so, by Lemma 2.4, g(R) > g(R'), a contradiction. So, R = R’, and because ' C R' = R,
the definition of (Q')* gives the reverse inequality g(R') < g(R). Lemma 2.4 implies that R
and R’ are the same cube. The proof for cubes R, R’ € Gy/(P) is identical.

To prove (d), observe that if R* C P\ Ugcz,,(p) @ then R € Gu(P), contradicting the
minimality of g(R).

Let us prove (¢). If R € Fy(P), then R € Fy(P) as well, and so RN E = §. Now
assume that R € Gy (P). By (b) this implies PN E # (), and so R € P\ JFu(P) C P,
which in turn yields g(R) > g(P) thanks to Lemma 2.4. Thus, we can find R* € D(P) with
R C R* and ¢g(R*) = g(R) — 1. By property (d), R* intersects some cube @ € Fy/(P), and
hence either R* C Q or Q@ C R*. Since RN Q = () and R C R*, the first case is impossible.
Therefore, we must have Q C R*, yielding

M +gp(P) > 9(Q) > g(R") + 1 = g(R).

Thus g(R) < M + gg(P). Now, because R C P\ |J Fu(P), the cube R € D(P) is not in
ﬁM(P), and because g(R) satisfies the estimate g(R) < M + gg(P), we must necessarily
have RN E # ().

Finally, let us show (f). By the dyadic weak porosity of F, there are pairwise disjoint

cubes Q1, ..., Qx € D(P) belonging to Fy;(P) and satisfying Zjvzl p(Q;) > cu(P). Each of
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these cubes ); is contained in some cube of the disjointed family Fy,(P), and we can write

Yoo w@=u | Qz=up (U Qj> = (@) > eu(P).
) j=1 j=1

QeFn(P) QeFm(P

O

We continue defining new families of cubes. Fix P € D, and define G%,(P) = {P},
Fi(P) = Fu(P), G} (P) = Gy (P), and in general, for k =2, 3,4, ..., we define

= U rum, = | Gu®. (21)
ReGk-1(P) ReGh 1 (P)

We now prove that the cubes of the families {F%,(P)}, cover the complement of E in P.
Lemma 5.2. For every P € D, we have P\ E = J;-, UQG]_-]@(P) Q.

Proof. For every Q € F¥,(P), with k € N, we have that Q € Fy(R), for some R € G&71(P).
In particular, QN E = ( (see Remark 5.1(e)), showing the inclusion J;—, U Fi;(P) € P\ E.

To prove the reverse inclusion, we may assume that PN E # (), as otherwise P\ E = P,
Fi(P) = {P} and F¥,(P) = () for every k > 2. Now, let z € P\ E, and let Q € D(P)
be a cube with € Q and Q@ N E = (). Notice that such cube @ exists because E is closed,
and for every [ € Z with [ > g(P), P can be written as union of dyadic subcubes of P with
diameter at most 246",

We will next show that @ C (Jr—, UF¥ (P). Suppose, for the sake of contradiction,
that Q@ ¢ U, UF5(P). In particular, @ ¢ |JFj,(P). By Remark 5.1(a), there must
exist some cube R; € Gi,(P) intersecting . And this actually implies that Q C Ry,
because if Ry C @ the facts that Ry N E # 0 (see Remark 5.1(e)) and Q N E = () lead
us to contradiction. Therefore () is entirely and strictly contained in R;. But now @ ¢
UF4(P) = URGQ}M(P)U]:M(R)? and so @ ¢ |JFu(Ry). Using the same argument as
above, the cube @ must be strictly contained in some Ry € Gy(Ry) C G32,(P). And since
QZUF; = UREQJQW(P) UFum(R), we have Q ¢ |J Fu(Rsa). Repeating this procedure up to
any natural number k, we obtain cubes

RiDRyD---DR,2Q,

with @ ¢ UFu(Rk) and R; € Gy (Rj—1) for every j = 2,..., k. Because @ is strictly
contained in Ry, then ¢(Q) > ¢g(Ry), by Lemma 2.4, and we can say that QQ € D(Ry).
Moreover, ) is not contained in any R € Fy(Ry), and Q € D(Ry), @ N E = (). According
to the definition of Fy(Ry), this tells us that g(Q) > M + gg(Ry). On the other hand, each
R; is strictly contained in R;_ because R; C Rj_1 \|J Fu(R;-1), and Fpr(Rj_1) # 0. Thus
g(R;) > g(R;j_1) + 1 for every j, and all these observations lead us to

g(Q) > M + gp(Ry) > M + g(Ry) > M +g(Ry) + k— 1.

Since k is arbitrary, we get a contradiction, showing that @ C U,—, U F5;(P).
O

Lemma 5.3. There exists a constant 5 = B(0,¢c,m, M) € (0,1) depending on 0,c,m, M
such that

o B 2 -
Z Z 0 g(Q)WM(Q) < Zg QE(QO)’Yu(QO).
k=1 QEF]IT/[(QO)

for every cube Qo € D and every v € (0, 3].

Proof. Let 8 € (0,1) be a constant whose value will be specified later. Fix a cube Qg € D.
We will need the following claim.
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Claim 5.4. For every natural k € N, we have

Z Q_QE(R)B,U(R) < ((9m+M)_f3(1 _ C))k—l Q_QE(QO)’BM(QO)-

ReEGN(Qo)

Proof of Claim 5.4. For k = 1, we have Gy 1(Qo) = {Qo}, and the estimate trivially holds.
Now, suppose that the inequality holds for k, and let us estimate from above the term
ZRegﬁ/[(Qo) 0~9=(1B(R). Each R € G&,(Qo) belongs to Gy (P) for some P € G¥1(Qp). In
particular R € D(P), and if R* € D(P) with R C R* and g(R*) = g(R)—1, then R*NQ # 0,
for some Q € Fiar(P) by Remark 5.1(d). If R* C @, then we have R C R* C Ugicr,, () @'
which contradicts the fact that R belongs to Gy (P). Thus, we necessarily have @) € R*.
We remind that this implies g(@Q) > g(R*) by Lemma 2.4, and so @ € D(R*). In particular
ge(R*) < g(Q) because Q N E = (). Using that gg is doubling (see Definition 3.4) and the
fact Q@ € Fp(P), we obtain the estimates

g9E(R) > gmeae(RT) > gmes(@Q) > gm+Mges(P) (22)
On the other hand, the weak porosity condition together with Remark 5.1(a) give
S uB=p(P) = Y u(R) < (- u(P) (23)
ReGn (P) ReFu(P)

Using first (22), then (23), and finally the induction hypothesis, we derive

Z Q_QE(R)B#I(R) — Z Z 0~ yE(R)B (R)

Regk, (Qo) Pegh 1 (Qo) REGu (P)
§(9m+M)fﬁ Z §—9e(P)B Z
PeGE1(Qo) ReGn (P
S G R I S M(P)

PEGRH(Qo)
< (0™MYTE (1 = o) (™M) P (1= ) o9E (@8 Q)
= ((9m+M)—,B(1 )) 9~ 9E(Qo)s 1(Qo).

This shows that the desired estimate holds for k£ + 1 as well, and the proof of Claim 5.4 is
complete. O

Now we continue with the proof of Lemma 5.3. For every k € N, we can write

Z 9—9(@)6#(Q>: Z Z g—g(Q)BM(Q

QEF};(Qo) Regk1(Qo) QEFM(R)

< Z §—MBgy—9E(R)B Z 1(Q)

Ry (Qo) QEFM(R)

< —MB Z Q_QE(R)EILL(R),
ReGY Qo)

where in the last inequality we used the fact that the cubes of Fj;(R) are disjoint. Applying
Claim 5.4 to the last term, we obtain

Z Z Q)ﬁ <9 MBZ Z gng(R)Blu(R)

k=1 QeF% (Qo) k=1 Regh ™ (Qo)

< O7MBY=9E Q08 1 (Qg) N (M) (1 — )"
k=1
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If the parameter 3 > 0 is small enough, then (6™*)=#(1 — ¢) < 1 and the constant
multiplying 6-9%(@0)%1(Qg) becomes §=M7 (1 — (™M)= (1 — c))_l . For sufficiently small
{ this term is bounded by 2/c. O

6. PROOF OF THEOREM 1.1

In this section we prove the implication (A) = (B) of Theorem 1.1. Let E be a weakly
porous set such that hg is doubling. As pointed out in Section 5, Lemma 3.8 then implies
that F is dyadic weakly porous and gg is doubling, which allows us to use Lemma 5.3. Also,
E can be assumed to be closed, as we explained in the beginning of Section 5.

In the next three subsections, we are going to prove the Aj-estimate (2) for the weight
dist(-, £)~7 for suitable v > 0, for all the cubes of the systems D instead of balls. Then, a
simple argument will allow us to deduce (2) for every ball of X.

6.1. E-free cubes that are far from FE. Let Qo € D such that Qo N E = (), and
dist(Qo, E) > 2diam(Qg). Observe that, for every xz,y € Qo, we have dist(y, F) < 2dist(x, E).
Also, if z denotes the reference point of Qq, because Qo N E = (), the ball B(zy,af?@))
does not contain any point of E, and so dist(zy, E) > a#9@0). These observations lead us to
the estimates

][ dist(z, B) dp < 27 essinf dist(y, B)~" < 27 dist(z0, E)~" < (2/a)/0-9@1 (24)
0

y€Qo

for every v > 0.

6.2. E-free cubes that are close to E. Let Qg € D such that QoNE = 0, dist(Qo, E) <
2 diam(Q)y). Notice that, since E is closed, dist(z, E) > 0 for every x € Q. Also, we have
that £ C X \ Qo, and, if z € Qy,

dist(z, X \ Qo) < dist(z, E) < 3diam(Q,) < 6A469@0),

Now we define the sets A; = {z € Qo : 6407 < dist(x, E) < 6407}, for every j € Z
with 7 > ¢g(Qo). By the preceding remarks, @y = Uj>g( A;, and the union is of course

disjoint. Also, employing the estimate (4) from Proposmon 2. 5 with ¢ = 64677920 we get
positive constants C' and 7 depending only on C), and 6 so that

1(A;) < p({x € Qo « dist(z, X \ Qo) < 6A07}) < C(6A)79U~9Q0N,(Qy).

We momentarily use C' to denote this constant, which should not be confused with any of
the previously used C’s in the doubling condition for hg. All these properties lead us to

/ dist(z, )" dp = Z / dist(z, )7 dp < Z (64677 u(A;)
Qo

7=9(Q Jj= g(Qo)

< C(6A)"(6A0)776~ 9(Qo)n 1(Qo) Z §in=)

J=9(Qo)
Assuming v < n, the series converges and we obtain the estimate
/ dist (2, B) ™" dp < 5(0, Cpy 7)079 9 u(Qp). (25)

0

Since dist(Qo, F) < 2diam(Qy), we have that dist(z, £) < 3diam(Qq) for every = € Q,
and so
essinfdist(-, £)™7 > (3diam(Qy))™” > (6A99(Q0))-’Y

Qo

Combining this estimate with (25), we conclude

][ dist(z, £) " dp < k(0,C,,7) es%inf dist(-, £)77. (26)
Qo 0
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6.3. Non-FE-free cubes. Fix Qg € D with Qo N E # (). Given = € Qo \ E, we have that
dist(z, E) > 0 because F is closed. For | € Z, I > g(Qy) so that 240" < dist(z, E), we can
write (Qp as union of subcubes @ € D(Qy) with ¢(Q) = I. The point x must be contained in
some of these cubes, say @, and because diam(Q) < 246, we have Q N E = ().

This allows us to find @, € D(Q) with x € Q,, Q. N E =, and

9(Q;) =min{g(Q) : z € Q, Q € D(Qyp), and QN E = (}}.
Notice that ¢(Q.) > gr(Qo). Also, because Q, C Qo (since Qo N E # ) = Q, N E), we
can find Q% € D(Qp) with Q. C Q% and ¢(Q%) = ¢g(Q.) — 1. By the minimality of ¢(Q.),
the cube 7 must intersect E. Then, if z* is the reference point of ()}, the containing ball
B (z*, AGQ(Q;)) of Q% also intersects E, and we derive

dist(z, E) < diam (B (2%, A97(%2))) < %99@) < %9%(@0%

Consequently, the following estimate holds:

z€Qo

gl
essinf dist(z, )7 > (%) g=95(Q0), (27)

On the other hand, using Lemma 5.2 and the fact that all the cubes in the family {Q : @ €
F¥(Qo), k € N} are mutually disjoint, we can write

/ dist(z, E) " du = Z Z /dlsta: E)77du.
Qo\E

k=1 Qe]—‘k

Now, each cube Q € F¥,(Qo) does not intersect F; see the definition of this families in (21)
together with Remark 5.1(e). Thus, we can estimate from above each of the integrals in the
previous series, by applying either (24) or (25) depending on whether the cube Q € F¥,(Qo)
satisfies the assumption of Subsections 6.1 or 6.2. Notice that (24) holds for any positive
7, whereas (25) holds if v < 7. Hence, taking v < 7, the preceding series can be estimated

from above by
Z > K(0,CL0 Q).
k=1 QG}-}I{{ QO)

Now, if 8 = f(0,¢c,m, M) > 0 is the number from Lemma 5.3, we take further v < /3, and
the same lemma gives the estimate

S Y . Cn (@) < K(0.Cu, O (o)

k=1 Qe}—k{(QO)

Recall that M, c are the constants of dyadic weak porosity of E, and that m is the doubling
constant for gg. Together with (27), these estimates yield

][ dist(z, £) 7 dp < k(0,C,, 7, ) essg?nf dist(z, E)77. (28)
0 relo

Notice that we have used the fact that p(E) = 0, which follows from the weak porosity
condition for F; see Definition 3.1 and the subsequent comment.

6.4. The A;-estimate for all balls of X. Collecting the estimates from the three previous
subsections, we obtain the following theorem, which is the implication (A) = (B) in
Theorem 1.1.

Theorem 6.1. Let E be a weakly porous set with constants ¢,d and so that hg is doubling
with constant C. Then there exists v = v(0,C,,,¢,0,C) > 0 so that dist(-, E)™7 € A;(X).
The A;i-constant of the weight dist(-, £)~™" depends on 6,C,,, c.
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Proof. By Lemma 3.8, F is dyadic weakly porous with some new constants ¢ = ¢/(6,C,, c)
and M = M(0,9,C), and gg is doubling with constant m = m(6,C) € N.

We combine the conclusions of Subsections 6.1, 6.2, and 6.3, i.e., (24), (26) and (28). We
deduce that, for v = v(6,C,, ¢/, M, m) > 0 small enough, and for every cube @ € D, the
estimate

][ dist(-, E) 7" dp < k(6,C,, )essanfdlst( E)™
Q

holds true. Now, given any open ball B = B(z, R) C X, Proposition 2.3 provides a cube
Q € D with B C Q and §9@+2 < R < §9(@+1 If » denotes the reference point of Q, we
have the inclusion Q C B(z, A99@). Because x is contained in this ball and #9@+2 < R,
the triangle inequality gives B(z, A#9?)) C B(z,24072R). Hence, the doubling condition
for p yields 1(Q) < C(0,C,)pu(B). These observations permit to write

][ dist(-, B)~ dp < H(e,cu)][ dist(-, B)7 du
B Q

k(0,Cp, 7, ) essQinf dist(-, E) 77 < k(6,C,, 7, ¢) essBinf dist(-, E)77.

Proof of Theorem 1.1. It now suffices to combine Lemma 4.2 and Theorem 6.1 O

7. PROOF OF THEOREM 1.3 AND A BONUS CHARACTERIZATION

We now prove that in spaces with a slightly weaker variant of the standard annular decay
property, the weak porosity condition implies the doubling property of the maximal holes.
This permits to complete the proof of Theorem 1.3. Then, without the assumption of the
variant of the annular decay property, we give a sufficient condition for a dyadic weakly
porous set E to imply the doubling property for its dyadic maximal free holes gg, and this
will lead us to another characterization of the property dist(-, £)~* € A;(X) for some a > 0.

7.1. Admissible balls with small radii. The following lemma of rescaling for the pa-
rameter ¢ in the definition of weak porosity is valid in any metric space with a doubling
measure. It essentially tells us that one can replace the parameters (¢, d) in the definition
of weak porosity with (c C, 24") for & as small as desired, and so that the admissible balls
have arbitrarily small radii.

Lemma 7.1. Suppose E is weakly porous with constants ¢,§ € (0,1). Then, for every

7 € (0,1/2), there exists §, € (0,1) depending on § and T, for which the following holds.
Given a ball By = B(xg, Ry) C X, there exists a finite collection of disjoint balls { B(zy, Sn) }n

contained in By \ E, with

TRy > s, > 0;hp(By) and Z,u (Zn, Sn)) > cCM_QpJ(BO).

Proof. Let {B(z;,7;)}; be a collection of disjoint balls as in Definition 3.1 for the ball By. For
every j, let {2!}; be a finite 7r;-maximal net of the relatively compact set B(z;, (1 —7)r;).
This means that 2} € B(x;, (1 —7)r;) for every i, j; that B(x;, (1—7)r;) C U, B(z}, 7r;) for
every j; and the balls {B(2, 5%)}: are pairwise disjoint. In addition, the triangle mequahty
gives |J; B(z},7r;) C B(zj,7;) for every j. Define s; = 5% and §, = 2. Since the balls of
the collection {B(xj,7;)}; are pairwise disjoint and are contained in By \ E, the new family

{B(2},5;)}:; satisfies these two properties as well. Also, their radii s; satisfy

)
TRy > s; > EhE(Bo) = 0.hg(By),
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and the first claim is proven. As concerns the estimate for the measures, we write

cp(Bo) < ZM(B(%WJ')) < CMZM(B(% (1 =7)r;))
< CMZZM(B<Z§7TTj>) < CﬁZM(B(Z}Sj))-

Dividing by C’i in both sides, we get the desired inequality.
OJ

7.2. Measures with annular decay properties. Assume that the space (X, d, 1) satisfies
the following annular decay property: for every n > 0, there exists € € (0,1) such that

wp  1B@.3)\ B.1)
2€X,0<t<s, 1-L<e u(B(x,s))

(29)

The standard annular decay property with power-type rate of decay (see e.g., [3, Definition
1.1]) is slightly stronger than (29). In this setting, if E is weakly porous, then hg is doubling.

Lemma 7.2. Let E C X be a weakly porous set, with constants ¢, € (0,1).

(i) There exist constants \* € (1,2) and 6* € (0,1) depending on c,0,C,, and the pa-
rameters from (29), for which hg(B(zo, Ro)) > 0*hg(B(xo, \*Ry)) for all zo € X,
Ry > 0.

(ii) There are positive constants b = b(6*) and d = d(5*, \*) such that, for every xo € X,
Ry >0, and L > 1, we have

hE(B(ZEQ, LRQ)) S dehE(B(QZ(), RO))
In particular, hg is doubling.

Proof. Let us prove (i). Forn = cC;? let € € (0,1) be as in (29). Now, let parameters
A e (1,2), 7 € (0,1/4) be so that A € (1,2) with A™" = 1 — £ and 7 = ¢/4. The desired
constants A* and 0* are respectively defined as A and d,, where ¢, is the one associated with
7 from Lemma 7.1.

Now, for a fixed ball By = B(x, Ry), we will denote K By = B(zo, K Ry) for any K > 0.

If s = MRy and ¢t = (1 — 27A*) Ry, we have that 1 — £ = ¢, and so (29) yields
(N By \ (1 —27X)By) < ¢C, 2 (X By). (30)

Suppose for the sake of contradiction, that hg(By) < §*hg(A*By).

Let B = B(y,r) C A*By \ E be a ball with TA*Ry > r > §*hg(\*By). We claim that
the center y of the ball B does not belong to (1 — 7A*)By. Indeed, otherwise d(z¢,y) <
(1 — 7A*)Ro, and the ball B(y,r) is contained in By \ E, with r < 7A*Ry < 2Ry and
r > 0*hg(A*By) > hg(By), contradicting the definition of hg(By). Thus, the point y does
not belong to (1 — 7A*)By, and because r < 7A*Ry, the ball B(y,r) does not contain any
point of (1—27\*) By, by virtue of the triangle inequality. Therefore B C \* B\ (1—27\*) By.

Now, let By, ..., By be pairwise disjoint balls contained in \*By \ E, satisfying the con-
clusion of Lemma 7.1 for the ball A\*Bj and 7 as above. By the previous argument, all these
balls are contained in A*By \ (1 — 27)\*) By, and so we have the estimates

p(XBo\ (1= 27A)By) = Y u(B;) = ¢ C, (N By).

=1

But this contradicts (30). We conclude hg(By) > 6*hg(A*By).
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Next, we show (ii). Given L > 1, let n € N be so that n — 1 < 110?;;) < n, where \* is
the constant from (i). Then L < (A*)™ and we can apply repeatedly (i) to obtain
h

g(LBy) < hp((A)"By) < (6%) ' h((A)"'By) <
< (5°) " hu(Bo) < (6°) LB hp(By).

O

We conclude from Lemma 7.2 that in a metric measure space (X, d, u) with the property
(29), the statements (A’) of Theorem 1.3 and (A) of Theorem 1.1 are equivalent. Theorem
1.3 is then a consequence of Theorem 1.1 in this class of spaces.

7.3. Absolute dyadic weak porosity. In this subsection, we only assume that (X,d, )
is a metric space with doubling measure. The following lemma shows that if we can cover a
sufficiently large portion of the measure of all the dyadic cubes @)y using the E-free dyadic
subcubes of )y that are admissible for the definition of dyadic weak porosity, then the
maximal dyadic hole is doubling.

Lemma 7. 3 Let E be dyadic weakly porous set with constants M € N, and ¢ € (0,1). If

c>1-C, 1= roea (53 )J, then gg is doubling with number M.

Proof. Let Qo, Qf € D be two cubes of the same grid with Qo € D(Q5), 9(Q5) = g(Qo) — 1,
and Qo N E # (). Suppose for the sake of contradiction, that gr(Qo) > M + g(Qp). Let
Pl, ..., Py € D(Q}) be E-free and mutually disjoint cubes with g(P;) < M + gg(Qf), and
Zl . u(P) > cu(Qf). Suppose that one of these cubes P; intersects QQo. Then either Qg C P;
or P; C Q. The first case is impossible, because Qo N E # () = P; N E. The second one
would imply, by Lemma 2.4, that P; € D(Qy), with P, N E =), and so gg(Qo) < g(P;) <
M + gr(Qf), contradicting the assumption. Consequently, we must have Qo N P, = ) for
every ¢ = 1,..., N, and thus we obtain
N

Qs \ Qo) > Z ) > en(Qp)-

Then 1(Qo) < (1—c)u(Q) < Cp 1= roma (%5 )J 1(QF). But denoting zo and 2z respectively the
reference points of )y and (), the chain of inclusions
B(z,a89'90)) € Q, € Q € B(z, AB9Q0)) € B(zy, 2407 199(@0)),

together with the doubling property for u, lead us to a contradiction. We conclude gg(Qo)
M + gr(QF). On the other hand, in the case where Qo N E = (), one has gg(Qo) = g(Qo)
9(Q5) +1 < gr(Qf) + 1, and the result follows as well.

O IA

Define b, :=1—C, 1=l (55) J, the lower bound from Lemma 7.3. We say that E has
absolute dyad@c weak porosity when E is dyadic weakly porous with some constants M € N
and ¢ € [b,, 1).

Lemma 7.3 has the following consequence: for a set E with absolute dyadic weak porosity,
gg is doubling. Therefore, we obtain that dist(-, £)~* € A;(X) for some o > 0, e.g., using
the implication (A) = (B) in Theorem 1.1 together with Lemma 3.7. On the other hand,
in Lemma 4.1(i) we showed that the A; condition for dist(-, £)~® implies that E satisfies the
condition of dyadic weak porosity with constant ¢ as close to 1 as desired. This observation
leads us to the following corollary.

Corollary 7.4. Let (X, d, i) be a metric space with doubling measure, and E C X a subset.
The following statements are equivalent:

(1) E has absolute dyadic weak porosity.
(2) There exists a > 0 for which dist(-, E)~* € Ay (X).
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8. WEAK POROSITY AND DOUBLING MAXIMAL FREE HOLES ARE UNRELATED

The purpose of this section is to show that the conditions of weak porosity and of doubling
maximal F-free holes hg for a set E are, in general, independent of each other. To do this,
we present two examples in the following subsections, the latter of which is Theorem 1.2.

8.1. Weak porosity does not imply doubling maximal holes. The following example
tells us that not for every weakly porous set F the maximal hole hg is doubling. Combining
Lemmas 4.1 and 3.7, this implies that not every weakly porous set £ has the property that
dist(-, £)~* € A;(X) for some a > 0. Furthermore, we can actually prove that the weights
of the form dist(, £)~®, with o > 0, are not doubling.

Example 8.1. Consider the space X = {(z1,79) € R? : zymy = 0, 1y > 0, 79 > 0},
equipped with the distance d := . |x, and with the measure p := H!'. Then (X,d, u) is a
connected metric space with doubling measure. In addition, it can be easily checked? that
every open ball B C X has unique center and radius. The set £ = (NU{0}) x {0} C X
satisfies the following properties.

(1) E is weakly porous with constants ¢ = 1/3 and § = 1/2.

(2) hg is not doubling.

(3) For every a € (0,1), the weight w = dist(-, £)~* is not doubling. Consequently,
dist(-, £)* ¢ A,(X) for all @ > 0 and p > 1; see the comment subsequent to
Definition 2.1.

(4) If ¢ > 1/3, then for every § € (0,1) there exists an open ball By C X, such that
for any finite collection of open balls {B; = B(p;,r;)}; contained in By \ £ with
r; > 0hg(By), we have p(J; Bi) < cu(By). Therefore, if ¢ > 1/3, for no § € (0,1)
the set E is weakly porous with constants (c,0).

Proof.
(1) There are two types of open balls By = B(p, Ro) C X, p = (p1,p2) € X, Ry > 0 to be
checked.

(I) (0,0) ¢ By. This is equivalent to saying that Ry < max{py,p2}. If p; = 0, then
By C {z1 =0}, ByN E = (), and the condition of weak porosity trivially holds. If
pe = 0, then By C {z3 = 0}, and the condition of weak porosity with constants
c=1/3 and § = 1/2 for By follows by easy computations.

(I) (0,0) € By. Then Ry > max{pi,p2}, and By can be written as

B { ((0,pr + Ro) x {0}) U ({0} x (0, Bo)) U {(0,0)} if ~ pp =0
" ((0, Ro) x {0}) U ({0} x (0, p2 + Ro)) U{(0,0)} if  p1 =0,

where the unions are disjoint.
In the case where p; = 0, the ball B* = {0} x (0,Ry) C By \ F has radius
equal to Rog/2 and pu(B*) = Ry > u(Bo)/3. The value of hg(By) is hg(By) =
: max{ Ry, min{1,p; + Ro}}, and because p; < Ry, for any value of hg(By) we have
that the radius Ry/2 of B* satisfies Ry/2 > hg(By)/2. Thus, for the balls By in this
subcase where ps = 0, the weak porosity for By is true with ¢ =1/3 and § = 1/2.
Now, when p; = 0, the ball B* = {0} x (0,p2 + Ry) C By \ E has radius equal to
(p2+ Ro)/2 and pu(B*) = pa+ Ry > u(By)/2. In this subcase, we have hg(By) = (p2+
Ry)/2, so the condition of weak porosity for By is true with constants ¢ =0 = 1/2
(2) For every n € N, consider the open balls B,, = B((n,0),n) and 2B,, = B((n,0),2n) of
X centered at (n,0) and with radius n and 2n respectively. Then B,, = (0,2n) x {0} and
2B, = ((0,3n) x {0}) U ({0} x (0,2n))U{(0,0)}. Clearly, hg(B,) = 1/2, but the open ball

2This property tells us that the truth or falsity of the implication “E weakly porous = hp doubling”
is not necessarily related to the existence of unique radii and centers of the balls in the underlying space.



28 CARLOS MUDARRA

B, = {0}x(0,2n) is contained in 2B, \ E and has radius equal to n. Therefore hg(2B,) > n,

and so h(2B,)
lim —E\=2n)
n hg(By)
According to Definition 3.4, hg is not doubling.
(3) Fix a € (0,1), and set w = dist(-, £)~*. For the balls B, = B((0,n),n) = {0} x (0,2n)

and 2B, = B((0,n),2n) = ({0} x (0,3n)) U ((0,2n) x {0}) U{(0,0)}, we have

w(B,) = /0% rear= "

)

1l—«

whereas

2n k
w(2B,,) > / wdp = Z/ dist (t,{k — 1,k})" dt = ¢(a)2n.
(0,2n)x{0} — Ji

w(2By)
w(Bn
hence w is not a doubling weight. On the other hand, if « > 1, w = dis(t(',)E)_“ is not
locally integrable (e.g., over balls centered at (0,0)) and thus w does not even define a weight
function.

(4) Fix the parameters ¢ > 1/3 and 6 € (0,1). Let A > 1 be close enough to 1 so that

HLQ/\ < ¢, and n € N be so that Adn > 2. For the ball By = B((n,0),An), we have

hg(Bo) = 22, and every ball B(p, r) contained in By \ E with the property that r > 6hg(By)
must be contained in B = {0} x (0,An). Therefore, for any finite collection of balls
By, ..., By contained in By \ E and with radius at least dhg(By), one has

/L(UBZ) < u(Bg) = An < e(1+2X)n = cu(By).

Here c¢(a) > 0 is a constant depending only on «. Because a > 0, lim,, = 00, and

OJ

Notice that property (4) in Example 8.1 shows that the condition of weak porosity of E
is, in general, not self-improving in the sense of enlarging the parameter c.

Remark 8.2. It is not difficult to adapt Example 8.1 to a bounded space X. Indeed, it
suffices to consider X = [0, 1] x [0, 1], with the same metric and measure as above, and the
set £ ={(0,0)} U ({1l/n : n € N} x {0}). Then hg does not satisfy the doubling property
for balls B, centered at (1/(2n),0) and with radius 1/(2n), because hg(2B,) = 1/n and
hg(B,) ~ 1/n% And with similar arguments to those in Example 8.1(1), one can show that
E is weakly porous. Indeed, the proof differs only in the case where (0,0) ¢ By = B(p, Ro)
where p = (p1,0), so that p; > Ry and By = (0, min{1,p; + Ro}) x {0}. The set F satisfies
the weak porosity condition for B, for the same reason that the set {1/n}, satisfies the
weak porosity for any interval (0,a), a > 0. The easy proof of this fact is left to the reader.

8.2. A non-weakly porous set with doubling maximal holes. We will now prove
Theorem 1.2, where we obtain a non-weakly porous set £ C R whose maximal free holes are
doubling. As a matter of fact, although the functions dist(-, £)~%, with o € (—o00,1) \ {0},
define doubling weights, they do not belong to any class A,(R), p > 1. The following example
is a more precise formulation of the theorem.

Example 8.3. We endow R with the usual distance and the Lebesgue measure. There
exists a set I/ C R such that:

(1) wy :=dist(-, E)~ € L] _(R) for a < 1, i.e., w, defines a weight function.
(2) E is not weakly porous. In fact, w, & U, 45(R) for every a # 0.

(3) hg is doubling with constant 16.

(4) w, defines a doubling weight in R for all & < 1; meaning that w,(K) < Cw,(J)

whenever J C K C R are intervals with | K| < 2|J|.
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Proof. We construct E as in [1, Section 8], but here all the dilations will be equal to 1/2.
Define Fy := {0,1} and E,, := E, 1 UE} | UFE? | for every n € N, where:

e E! | is a translation of E, _; dilated by 1/2 and whose first point is the last point

of En—la

e F? | is a translation of F,_; whose first point is the last point of E! .
Finally, we define E* = (J-,E, and E = ET U (—E"). Here —E™" is the reflection of
E* with respect to the origin. We let Z,,, Z!, and Z? denote the smallest closed intervals
containing E,, E!, and E? respectively, for every n € NU {0}. A closed interval I whose
endpoints are two consecutive points of E is called an edge of E. In particular, int(I)NE = ()
if I is an edge of E. The main properties of E are:

e For every n € NU{0} and k € {0,...,n}, the interval Z,, contains exactly (})2"~*
edges of F of length equal to 27*. In particular, each of the intervals Z,,, Z!, and Z?2
has exactly 3" edges of F.

e Each of the intervals Z,, and Z? contains translated copies of the intervals Zy, . .., Z,_;
distributed in a palindromic manner: both Z, and Z? contain from left to right as
well as from right to left intervals Zj C Z7 C --- C Z_, that are translated copies
of Iy c 7, C --- C Z,,_4, respectively.

e Each interval Z! contains from left to right as well as from right to left intervals
(1/2)Z5 C (1/2)ZF C --- C (1/2)Z;_, that are translated copies of Zy C Z; C --- C
7, dilated by 1/2.

e dist(+, E) = dist(+, £,,) on Z, for every n € NU {0}.

o |Z,| = (5/2)" for every n € NU{0}.

Let us prove properties (1)—(4).
(1) For every n € N, the construction of Z,, yields

/dist(-,E)a:/ dist(-,Enl)o‘—i—/ dist(-,E,lLl)a—i-/ dist(-, B2 )™
Tn Tn I

2
-1 1 154

= (2+2a—1)/ dist(+, B,_1) " = (2+2°‘_1)"/dist(-,{0,1})_0‘.

Zo

Because Zy = [0, 1] and « < 1, the last integral is finite, and this shows that dist(-, F)~® is
integrable at every interval contained in [0, +00). By the symmetry of E around the origin,
the same property holds for intervals contained in (—oo, 0].

(2) For the sake of contradiction, suppose F is weakly porous with constants §,¢ € (0, 1).
Fix ng = no(d) € N so that 6 > 27"°. For n € N with n > ng, one has hg(Z,) = 1/2 and so
any edge J of E contained in Z, with radius at least 0hg(Z,) must satisfy |J| > 27"0. The
interval Z,, contains exactly (Z) 27~k edges of E with length 27% for k = 0, ..., n. Denote by
F,, the union of all the edges of E' that are contained in Z,, and have radius at least dhg(Z,).
By the assumption of weak porosity for E, we must have |F,| > ¢|Z,| for every n > nq.
However, the previous observations permit to write the estimates

no no
Fal <) (Z) gnkgTh = gnomo Y (Z) gno—hkg=k
k=0

k=0

< 9n—no i n o 2nofk27k < Qn—To "o i No 2n07k27k C( )271 no
_— = C(ng)2"n".

- Uun k B no! k 0

k=0 k=0
Together with |Z,,| = (5/2)", this implies

| £l
| Z0
contradicting that |F),| > ¢|Z,| for every n € N.

< C(ng)(4/5)"n"™, for every n > nyg,
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Let us mention that the first part of (2) can also be proven via Theorem 1.3. Indeed,
for this set F, a computation similar to the one in (1) permits to prove that dist(-, £)~ ¢
A (R™) for a € (0,1], and so Theorem 1.3 implies that E is not weakly porous. In fact,
using similar computations as in (1), we next show the second part of (2). Let us fix p > 1
and a € (0,1). For our purposes, we can assume further p > 2, thanks to the inclusions
A (R) C A4(R) for r < s. For any > —1, those computations lead to

/dist(-,E)ﬁ =2+ 2—1—5)"/dist(-, {0,1})?, neN.

n 0

Applying this equality with § = —«, =<, and using that |Z,| = (5/2)", we obtain

» p—17

][ndist(-, B)e (][ndist(-, E)p”‘l)pl — C(a,p) <(2 i 2&1)@/;;;11);,1)"’ (31)

for every n € N. Defining the function h(t) = (2+2t_1)(2+2_ﬁ_1)p_1, t €10,1), and using
that p > 2, a computation shows that &’ > 0 on (0, 1), and thus h(a) > h(0) = (5/2)P for all
a € (0,1). Therefore, for every a € (0,1) and p > 2, the right-hand side term of (31) goes
to 0o as n — oco. We conclude that dist(-, £)™* ¢ A,(R) for every a € (0,1) and p > 1. For
negative values of «, it suffices to note that if we had w, € A,(R), for some p > 1, then also
W € A, (R), where a/(1 — p) > 0, and this is impossible by what we have just proved.

(3) The verification of this property requires more work. We first show the doubling esti-
mates for hg over intervals that are contained in [0, +00).

Lemma 8.4. We have hg(K) < 16hg(J) for any two intervals J C K C [0,+00) with
7] > K]

Proof of Lemma 8.4. In the case where J is contained in the union of three consecutive
edges Ji, Jy, J3 of E, the result easily follows by observing that

3
1 1 1 1
- 1> = 1= Z|J > = >
2he() = a1 5] 2 5 31 01 = 511 2 1K 2 ghe().
j:
Now, we prove by induction on N the desired estimate for every interval K C Zy. The cases
N = 0,1 are covered by the preceding argument, so let us assume that the estimate holds

true for n =1,..., N — 1, and let us verify the property for intervals K contained in Zy.

We may and do assume that K is not contained in Zy_;, as otherwise we can simply
apply the induction hypothesis. Moreover, let us suppose first that K is entirely contained
in one of the intervals Zy,_;, Z%_,. In the first case, it is clear that there are translations J*
and K™ dilated by 2 of the intervals J and K respectively, and such that J* ¢ K* C Zy_1,
|J*| > 3|K*|, hg(J*) = 2hg(J) and hg(K*) = 2hp(K). The induction hypothesis tells us
that hg(K*) < 16hg(J*), and so hg(K) < 16hg(J) as well. In the latter case, K C Z% _,,
we consider translations J* C K* C Zy_; of J C K and apply the induction hypothesis.

Thus, from now on we will assume that K intersects both intervals of one of the couples
{Zn_1,ZN 1}, {ZN_1,Z%_,}. We will only study the situation where K intersects both of
{Zn_1,Z% .}, as the proof in the other situation is identical, thanks to the properties of
symmetry of Zy.

Case 1. J is contained in Zy_;. Denote K = KNIy, K!' = KNI} , and K? =
K NZ% ,. The fact that K intersects Z}_, yields the identities 2hg(K°®) = min{1,|K°|},
2hp(K') = min{1/2, |K'|}, and 2hg(K?) = min{1,|K?|}. And, because K contains .J, and
|J| > 1| K], it is clear that |K*|, |K?| < |K°|. This implies

2hp(K) = 2max{hg(K®), hg(K"), hp(K?)} < min{l, |K°|} = 2hg(K").
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But K" is a cube in Zy_; containing J with |J| > 1|K"| and so, the induction hypothesis

Case 2. J is contained in Z),_;. Consider the cube K' = K NZy_;. If K* intersects at
most three edges of E within Z)_,, then the same property holds for J, and the argument
from the beginning of the proof shows that hg(K) < 6hg(J).

Now, suppose K! intersects more than three edges of E within Z3,_,. By the properties
of Z}V_l, and because K intersects Zy_1, there must exist 1 < m < N — 2 such that
(1/2)1;, ¢ K' C (1/2)Z},,,, where (1/2)Z}, and (1/2)Z7,, are translations of Z,, and
Tn+1 dilated by 1/2. Notice that (1/2)Z7 ., can be regarded as the union of three intervals
(1/2)Zz,, (1/2)(Z)", (1/2) (Z2)", where (Z%)" and (Z2%)" are translations of Z} and Z2,.
Furthermore, each of the intervals Z*, (Z})", (Z2)" can be in turn subdivided into three
intervals in the following manner. Denoting by Z7,_,, (Z}_,)", (Z4_,)" various translated
copies of Z,,_1, T}, _;, Z2,_;, both I}, and (Z2)" are the union of the intervals 7, _,, (Z},_;)",
(Z2_,)"; and (Z})" is the union of (1/2)Z;_,, (1/2) (Z}_1)", (1/2)(Z%_,)". Therefore
(1/2)Z7,., is the union of 9 intervals, the largest of which has length equal to (1/2)|Z,—1|.
Because K' D (1/2)Z},, we have that

1 1 1 5 1
J| > =|KYN > 2T = STl = =|Toet| > =|Tin1].
712 51K 2 JIT5) = 1Tl = gl Zuaa| > 51Tl

This shows that J must contain either the first half or the second half of one of those 9
intervals. By the construction of the Z;’s, the first and the last edges of ' within each of
those 9 intervals have length equal to 1/2, 1/4 or 1/8. Therefore,

1 _1
2hg(J) = 16 > ghE(K).
Case 3. J is contained in Z3,_;. This case is identical to Case 1.

Case 4. J intersects both Zy_; and Z3_,. If J contains the last edge of F within Zy_;
or the first edge of F within Z},_,, then 2hg(J) > 1/2 > hp(K). Otherwise, we have

1 1 1
2hp(J) = max{|J NIn_1|,|J NIy |} > 5|J| > Z|K| > 5hE(K).

Case 5. J intersects both Z3, ; and Z%_,. This case is identical to Case 4.
0

Now, using Lemma 8.4, we can prove property (3) of Example 8.3. Let J C K C R with
|J| > 3|K|. By Lemma 8.4 and the symmetry of E about the origin, we may assume that
K intersects both (—o0, 0] and [0, +00). Let us distinguish three cases.

Case 1. J is contained in [0, +00). Denote K™ = K N[0, +00) and K~ = K N (—o0, 0].
Because J C K, we may apply Lemma 8.4 to obtain hg(K™) < 16hg(J). Also, notice
that |[K~| < |K*| as K1 contains no less than half of the measure of K. This fact and the
symmetry of E about the origin leads us to

2hp(K~) = min{l,|K~ |} < min{l, |K"|} = 2hg(K*") < 32hg(J).
Consequently, hp(K) = max{hg(K~), hg(KT)} < 16hg(J).

Case 2. J is contained in (—oo, 0]. This is identical to Case 1, due to the symmetry of
E about the origin.

Case 3. J intersects both (—o0,0] and [0, +o00). If J contains a subinterval of E of
length equal to 1, then hg(J) = 1 and the result follows immediately. Otherwise, denoting
Jt =JnNJ0,+00) and J~ = J N (-0, 0], we have

1 1 1
2hp(J) = max{|J"|, [J*[} = ST = 7IK] = Shi(K).
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(4) Fix o < 1 and denote w = w,. It is clear that if we find constants ¢ = e(a) € (0,1)
and C' = C(g,a) > 0 so that, for any two intervals J C K C R, |J| > (1 — ¢)| K| implies
w(K) < Cw(J), then also |J| > 1|K| implies w(K) < Cw(J) for a new constant C, and
all intervals J C K. Moreover, we will only prove the estimates when J C K C [0,400), as
the general case can be deduced using the symmetry of E about the origin, and arguments
similar to those at the end of the proof of (3).

To prove the existence of such € and C, we first observe that, by the construction of F,
for any two consecutive edges of F, say R;, R, one has

1
§|R2! < |Ri| < 2|Ry. (32)

This takes care of the first (and non-trivial) case.

Case 0. Suppose that J contains at most 1 point of E. Then J C I; U I, where I;
and I, are two consecutive edges of E. We claim that if J C K and |J| > (1 — ¢)| K], then
K C IyU 1 U Iy U I3, where these I; are consecutive edges of £ ordered from left to right.
Indeed, suppose that, for instance, there is another edge of E lying in the left of Iy and
intersecting K. Then, 1|.J| < max{|[;|, |2}, and the relation (32) gives

1 1 9
1 2 1l + 191 2 max {31n] 10 b +191 2 Sl

If e € (0,1) is small enough, the above contradicts |J| > (1—¢)|K|. Therefore K is contained
in the union of (at most) 4 consecutive edges of E, and the estimate w(K) < Cow(J) holds
for some constant C depending only on € and a.

Thus, from now on, we assume that J contains at least two points of E.

Case 1. K C Z;. Clearly, |J| > (1 — ¢)|K| implies w(K) < Cw(J) for some constant
C=0C(e ).

Now suppose that for some N > 2, and all J C K with K C Zy_4, |J| > (1 — ¢)|K]|
implies w(K) < Cw(J) for some constant C' = C'(e, «). We next show that the same holds
for Zy, of course, without increasing the constant C' in the iteration. We will see how large
the constant C' should be during the proof, but it will be independent of N. The induction
hypothesis will be used only in Case 2 and Case 3 below.

From now on, we also assume that K C Zy, and K ¢ Zy_;.

Case 2. K C Z%_,. Up to a translation, one can assume that both J and K are contained
in Zy_1, and then apply the induction hypothesis.

Case 3. K C Z}; ;. Then there are intervals K* and J* contained in Zy_; so that K
(resp. J) is a translation of K* (resp. J*) dilated by the factor 1/2. Since |J*| > (1—¢)|K™*|,
by the induction hypothesis, one has

w(K) =2 w(K*) <2 'Cw(J*) = Cw(J).
Case 4. Z);_, C J. In this case, we simply estimate by
w(K) <w(@y) = (1+27) w(Zy_y) < (1427 w(J).

Case 5. JNZIy 1 #0# JNI_,, JNZI% | = 0. By the construction of E, there are
integers ng, n1, mo, mi, mg > —1 and translated copies Z7 of Z;, for j € {ng, n1, mg, my, mo},
so that

1 1
. CJNIy_y CI; - cJNIy ,C =T

no+17 97 m 2 n1+17
* * 1 * 1 1 * * 2 *
7, CKNIy 1 CI ., §Im1 CKNIy ,C §Zm1+1, I, CKNIy_ ,CI, ..
We understand Z; = () whenever j = —1. Define n = max{ng, n; } and m = max{mg, my, ms}.

Since we are assuming that J contains at least two points of E, we must have m > n > 0.
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Let us first see that m and n are comparable. We clearly have
I Za| = el J N Inoal, Tl 2 el I NIy,
an so
| Zn| = c|lJ] = (1 = )| K| = (1 = €)[Znl;
where ¢ denotes various constants depending only on a. This shows that m < n + C, for a
constant C' = C(a, ) > 0. We can now estimate w(K) by
w(K)=w(KNIy)+wKNIy ) +wKNI} ) < Cla)w(Z,)
< Ola,e)w(Z,) < Cla,e) max{w(J NIy 1), 2" *w(J NIy )} < Cla,e)w(J).
Case 6. T4, , NJ #0# JNT% |, JNZIy_1 = (. This case is identical to Case 5, due
to the palindromic distribution of the edges of E.

Case 7. J CZy_1,and K ¢ Zy_1. Let us first see that KﬂIﬁ,_l = (). Indeed, otherwise,
K contains both Z3,_; and J, and so

1 1 3
K[ 2 1+ [Tyl = 1)+ Sl = 191+ 211 = 21,
If € is chosen small enough from the beginning, the above contradicts that |J| > (1 —¢)|K]|.
Thus K C Zy_1 UZ)_,. Again, let mg, m; > —1 be integers so that

1 1
I, CKNIy,CZI} ., and QI:;H CKNIy , C §Ij;u+1;

where Z - and Z, are translated copies of Z,,, and Z,,,, and understanding that Z_, = 0.
Either mg or m; must be nonnegative, since K contains at least two points of E. Also,

2e 2t ., 2e
T, | < 2/K NIy <2|K\ J| < 1 _€|J| < 1—_€\Imo+1| = 1—_€‘Imo+1|'

Thus, for ¢ small enough (but depending only on «), we necessarily have my > m;. In
particular my > 0, and
w(K) =w(KNIy)+wKNIy ) < Ol@)w(Zy,).
In the case where mg = 0, then |J| > (1—¢)|Z§| and J is contained in Z;. So, after translating
J, I} and I}, it is clear, e.g., by Case 1, that w(Z,,,) < C(a,e)w(J). And if my > 1, then
J contains a translated copy of Z,,,—1 or 1Z,,,—1 due to the fact that |J| > (1—¢)|Z,,| (and
choosing ¢ small enough). This yields
W(Iny) < Cl@)w(Lme-1) < Cl@)w(J).

Case 8. J CZx_ , 2 K,or J CI% ;2 K. Due to the relationship between Zn_1, Zx_,
and Z%,_,, we can repeat the arguments of Case 7 above.
O]

Remark 8.5. A set F' C R" with properties similar to those of F from Example 8.3 can be
constructed, for example, by setting F' := E x R"! C R™. Indeed, it suffices to note that

dist((z, z9, ..., 2,), F)? = dist(z, E)?, for all (z,zs,...,2,) €R", B €R, (33)
and that f/L;([a, b)") = hg(la,b)) for all a,b € R, a < b, where
l;;:([a, b)") :=sup{r > 0 : there exists t € R with [t —r,t +7]" C [a,b]" \ F}.

Comparing hp with hp from (8), we see that if @, B C R" are respectively a cube and a

Euclidean ball with Q C B (resp. B C Q), then hr(Q) < hp(B) (resp. hr(B) < hr(Q)).
These remarks show that F' satisfies the following properties:

o w, :=dist(-, )™ € L. (R") for a < 1, i.e., w, defines a weight function.

e Fis not weakly porous. In fact, w, & [, 4,(R") for every o # 0.
e w, defines a doubling weight in R" for all a < 1.
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e hp is doubling (recall the Definition 3.4).
The first three properties follow from (33), Fubini’s Theorem, and Example 8.3 (1),(2),(4).
The fourth one is a consequence of the previous remarks on hr and Example 8.3 (3).

9. MUCKENHOUPT EXPONENTS AND A; CONDITIONS

The purpose of this section is to give a precise quantification for the range of those a € R
such that dist(-, )~ belongs to the A,(X) class for a given 1 < p < co. Previous results
on this direction were obtained in [1, 7] in the Euclidean setting. Moreover, the concept of
Muckenhoupt exponent introduced in [1] for subsets E of R™ allowed us to determine the
mentioned range of exponents, provided F is a weakly porous set in R". Here we extend
these results to metric spaces with doubling measure (X, d, u).

Definition 9.1 (Muckenhoupt exponent of a set). Let E C X. If hg(B(z, R)) > 0 for
every € E and R > 0, then the Muckenhoupt exponent Mu(F) is the supremum of the
numbers a € R for which there exists a constant C' such that

u(E. N B(x, R)) < C(hE(B(x,R))>_a
p(B(z, R))  — r

for every x € E and 0 < r < hg(B(z,R)) < 2R. If hg(B(z,R)) = 0 for some x € E and

R > 0, then we set Mu(E) = 0.

Here and below, we denote E, := {y € X : dist(y, F) < r}, for every r > 0. The first
goal of this section is to prove, for any nonempty subset £ C X, that for a > 0,

Mu(FE) > « if and only if dist(-, £)™" € A;(X).
This is precisely Theorem 9.4 below, a consequence of the next two lemmas. We will
only give a sketch of the proofs, because they are almost identical to the proofs of the

corresponding results in R™ from [1], if one uses the doubling condition (1) for the measure
i at the appropriate points.

Lemma 9.2. Let E C X be a nonempty set and let o > 0 be such that dist(-, E)~* € A;(X).
Then 0 < a < Mu(E).

Proof. The claim holds if & = 0, and so we may assume that a > 0. Then hg(B(z, R)) > 0
for every x € E and R > 0, and if 0 < r < hg(B(x, R)) < 2R, we have

(34)

p(E.NB(z,R)) < ra/ dist(+, E)"*dp < [w]a,r*u (B(z, R)) essinf dist(-, E) ™
B(z,R) B(z,R)

where w = dist(-, F)~®. On the other hand, taking y € X and s > 0 so that hg(B(x, R)) >
s > thg(B(z,R)) and B(y,s) C B(xz, R) \ E, we obtain

o i%fdist(.,E)*a < dist(y, E)™® < s < 2% (hg(B(x, R)))"*.

The two inequalities lead us to Mu(E) > a. O]

Lemma 9.3. Let E C X be a nonempty set and assume that 0 < o < Mu(E). Then
dist(-, )~ € Ay (X).

Proof. We follow the arguments from the proof in the Euclidean setting [1, Theorem 6.5].
We first prove the Aj-estimate (2.1) for balls B(z,r) centered at points z € E :

][ dist(y, )" “du(y) < Co(Cp, A\, o, E) essinf dist(y, £)™“. (35)
B(z,r)

yeB(z,r)

Let A > 0 with Mu(E) > A > a, and let x € F and » > 0. Observe from inequality
Mu(E) > 0 that 0 < hg(B(x,2r)) < 4r. Hence, there is jy € Z, jo > —1 such that

2oy < hg(B(z,2r)) < ol=doy.
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Define F; = {y € B(z,r) : dist(y, E) < 277r} and A; = F; \ Fj11, for j > jo. Reasoning
as in the proof of [1, Theorem 6.5] and using that p(B(z,2r)) < C, u(B(z,r)), we obtain a
constant Cy = C(E, A, C},) such that

p(F}) o (Eo2—ip N B(x,2r)) _in [ he(B(z,2r) —A
pu(B(z,r)) = G 1 (B(z,2r)) s G2 ( . > : (36)

We then deduce that p(E) = 0. The union of the sets A; with j > jo cover B(z,r) up to
the zero-measure set £ N B(z,r). Integrating over these annuli {A;};>;, as in [1, Theorem
6.5] and using (36), we obtain (35), for the points z € E.

Now, if B = B(x, R) is an arbitrary ball in X, suppose first that dist(B, £) < 2diam(B).
Let p € E be so that

dist(E, B) < dist(p, B) < 2dist(£, B) < 4diam(B).

It is clear that d(p,z) < diam(B) + dist(p, B) < 5diam(B) < 10R, implying B(z, R) C
B(p,11R) C B(z,21R). Because (35) holds for B(p, 11R), we have

][ dist(-, B)~* dp < C(Cl, Co) ][ dist(-, B)~* dy
B(z,R)

B(p,11R)
< C(Cy,Cy) yeeg?p%{llflz) dist(y, )" < C(C,, Cp) yeesg(ic{l]g) dist(y, E)~“.

And in the case where dist(B, E) > 2diam(B), the triangle inequality gives dist(y, F) <
2dist(z, E) for any y, z € E, and so the A; estimate trivially holds over B. O

Theorem 9.4. Let a > 0 and let E C X be a nonempty set. Then dist(-, E)~* € A1 (X) if
and only if Mu(E) > a.

Proof. If Mu(E) > a, then dist(-, E)~® € A;(X) by Lemma 9.3. For the reverse implication,
we use the self-improvement of A; weights (see Proposition 2.2(1)) and Lemma 9.2. O

Theorem 9.5. Assume that E is weakly porous and hg is doubling. Let o € R and define
w(z) = dist(z, E)~* for every x € X. Then
(i) we Ai(X) if and only if 0 < a < Mu(E).
(i) w e A,(X), for 1 <p < oo, if and only if
(1 —p)Mu(F) < a < Mu(E).

Proof. By Theorem 1.1, there exists aw > 0 for which dist(-, £)~* € A;(X). Taking into
account the self-improvement properties of Proposition 2.2, the proof is identical to the one
for the corresponding result in R™ from [1, Theorem 1.2]. 0

Finally, if X satisfies the annular decay property (29), the assumption that hg is doubling
can be done away with in Theorem 9.5.

Corollary 9.6. Suppose that (X, d, p) satisfies (29), and let E C X be weakly porous. Let
a € R and define w(zx) = dist(x, E)~* for every x € X. Then
(i) we Ay (X) if and only if 0 < a < Mu(E).
(i) w e A,(X), for 1 <p < oo, if and only if
(1 —p)Mu(F) < a < Mu(E).

Proof. Since (X, d, 1) satisfies (29), for every weakly porous set E, the maximal E-free hole
function hg is doubling by virtue of Lemma 7.2. Now, it suffices to apply Theorem 9.5. [
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